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Abstract

Our study develops a ballistic model for spherical artillery projectiles consistent with mid-
19th century technology. The model integrates gravity, air resistance, and atmospheric varia-
tions, employing the Loth drag coefficient model valid from subsonic to supersonic speeds. Its
primary contribution is a practical artillery firing table system, providing baseline firing data
for three discrete propellant charges and two firing modes, alongside corrections for wind, alti-
tude, and elevation difference. Designed for simplicity and ease of use, this firing table enables
commanders to rapidly determine firing solutions under operational conditions where compu-
tational equipment is unavailable. Detailed sections of the table and application examples are
provided in the appendix. During the compilation of the tables, the R-squared values for all
fitted models exceeded 0.95, with some approaching 1.0. Numerical simulation and validation
demonstrated that the model's error is less than 0.1% within standard engagement ranges, with
no discernible trend of error amplification. These simulation results collectively indicate that
the proposed artillery firing table possesses high accuracy and robustness. Calculations suc-
cessfully demonstrated multiple firing solutions for a 1200-meter target under different charges,
proving the table's reliability for rapid battlefield aiming. This work reconstructs historical fir-
ing procedures, merging historical authenticity with computational analysis, and highlights the
method's utility in resource-limited contexts.
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1 Introduction

1.1 Background

Artillery is a combat system composed of long-range weapons. Unlike infantry small arms,
it is characterized by extended range and formidable destructive power. In its early stages, it
primarily served as heavy, relatively stationary siege weapons for besieging fortifications. With
technological advancements, field artillery has become increasingly portable and maneuverable.
The artillery system encompasses multiple types, including cannons with low trajectories and
high muzzle velocities, howitzers with high trajectories and variable charge capabilities, and

mortars with high-arcing trajectories.

Figure 1: Artillery from 1825 to 1875

150 to 200 years ago, artillery development underwent a pivotal transition from muzzle-
loading smoothbore cannons to breech-loading rifled guns. Key characteristics of this era in-
cluded: the introduction of rifling to enhance accuracy and range; the gradual replacement of
muzzle-loading mechanisms with breech-loading systems, increasing rate of fire and opera-
tional safety; the inability to continuously adjust projectile kinetic energy due to pre-packaged
propellant charges of fixed weight, necessitating discrete control through varying the number
of charges; Casting materials shifted from cast iron to stronger steel, enhancing durability and
load capacity; simultaneously, standardized designs and interchangeable parts facilitated mass
production and maintenance. Additionally, explosive shells gained widespread adoption over
solid projectiles, significantly increasing lethality. Drawing upon these historical technological
characteristics, this paper will establish corresponding ballistic models to reconstruct the firing

accuracy and operational procedures of artillery from this era.
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1.2 Problem Restatement

Building upon the historical context outlined above, this problem requires us to construct a
cannon ball trajectory model consistent with mid-19th century technological capabilities. Spe-
cifically, we must establish a ballistic model capable of accurately describing the projectile's
motion through the air. This model will simulate the flight path of a spherical projectile under
specified initial conditions and ultimately determine the firing parameters necessary to achieve
target impact.

For the scenario outlined in the first question, where the artillery piece and target share the
same elevation and are separated by a horizontal distance of 1200 meters, we must determine
the initial velocity and elevation angle of the projectile required for a hit. To achieve this, we
first establish a set of dynamic equations describing the projectile's motion. This equation sys-
tem must comprehensively account for external factors such as gravity, air resistance, and po-
tential wind forces to construct a complete ballistic model.

Building upon this foundation, we address the second question. By setting the target posi-
tion as boundary conditions, we can solve this dynamic system to determine the combination
of exit velocity and elevation angle required to hit the target. Ultimately, based on the model's
computational results, we will provide artillery officers with a clear and concise artillery firing
table. This will enable them to rapidly estimate and utilize the data effectively in real combat

scenarios.

Figure 2: Shells and propellant charges of artillery

When determining the projectile's exit velocity, it is crucial to note that this velocity cannot
be varied continuously. The projectile of the cannon is propelled by the combustion gases gen-
erated from the explosion of propellant charges, as illustrated in Figure 2. To alter the exit
velocity, one must change the number of propellant charges. While an electromagnetic railgun
might allow for continuous adjustment of exit velocity, the conventional artillery system studied

in this study can only achieve discrete changes in this parameter.
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2 Notations

Symbols Description Unit
m Shell mass kg
S Characteristic area m>
u Local wind speed mls
s Local Sound Speed m/s
4 Specific heat ratio of air J/ ( kg - K)
R Universal Gas Constant J/ ( mol - K)
Y Exit velocity m/s
0 Elevation angle °©
4 Azimuth o
p Air density ke / m
Re Reynolds number [1]
M, Mach number [1]
C, Drag coefficient [1]
Kinematic viscosity m*/s

3 Assumptions

3.1 Circular probability error

The recoil generated when a shell is fired causes the barrel to vibrate, resulting in a slight
deviation of the muzzle at the instant the projectile leaves the barrel. This random error causes
the actual impact points of the shells to scatter in an elliptical pattern around the target point,
known as circular probability error. However, the range considered in this problem is relatively
short. The dispersion range caused by recoil will be significantly smaller than that in medium-
to-long-range firing. Therefore, in the preliminary theoretical calculations of the model, we will
temporarily exclude the circular probability error caused by recoil. That is, we assume that
under windless conditions and standard atmospheric conditions, the projectile can precisely hit

the target point along an ideal trajectory.
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3.2 Coriolis force

The Earth's rotation induces the Coriolis effect, generating a Coriolis force—an inertial
force perpendicular to the direction of an object's velocity—which causes a deflection in its

trajectory. Its expression is:

—

F,=-2m(wxv) (3-1)

Where m 1is the projectile mass, v is the projectile velocity, and o is the angular veloc-
ity of Earth's rotation.

For the range specified in this problem, along with the maximum initial velocity of the
projectile and its corresponding flight time, estimation indicates that the lateral deviation at the
impact point caused by the Coriolis force is negligible. Therefore, to balance computational
complexity with accuracy requirements, we assume the influence of the Coriolis force can be

disregarded in the context of this mission scenario.

3.3 Gravitational acceleration gradient

As the altitude of a projectile increases, its distance from the center of the Earth grows.
According to the law of universal gravitation, the actual gravitational force acting on it de-
creases slightly with increasing height, meaning a gravitational gradient exists. Considering the

relative change in gravitational acceleration:
A 2h
e (3-2)
g R
Substituting typical ballistic altitude values reveals that gravitational variation is far less
than one-thousandth. Therefore, this model assumes that gravitational acceleration remains con-

stant 9.80665kg -m/ s* throughout the entire trajectory of the projectile.

3.4 Some Other Assumptions

* In this article, sea-level standard atmospheric conditions are used as the reference quantity:
T,=288.15K, p,=101.325kPa, p,=1225kg/nm’
* The loss of shell mass during launch and flight is not considered.
+ Based on the background information, introduce the hypothesis: The chemical energy of each
standard propellant charge is converted into the kinetic energy of the projectile's exit velocity
at an identical rate, i.e.,
E, =nkE,,, (3-3)

and thus obtain the velocity formula

V=V [—— (3-4)
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Here, n denotes the number of propellant charges, » represents the maximum number of
propellant charges that can be accommodated(Here we set n_=3), is the conversion ratio

(calculated to be independent of v), E, = 1s the chemical energy per propellant charge, andv,__

hem

is the maximum exit velocity atn_, (given v, =450m/s).

Based on the simplified assumptions above, we can construct a ballistic model that is both

physically realistic and computationally efficient while maintaining computational accuracy.

4 Modelling

4.1 Physics Model for Artillery Firing

After establishing the fundamental assumptions, we began constructing a physical model
for artillery firing. This model will comprehensively account for the effects of gravity, air re-
sistance, and environmental factors on the trajectory, predicting the projectile 's path by solving

the equations of motion. The physical concept diagram of a projectile's flight is as follows:

Figure 3 :Diagram of Projectile Motion in a Parabolic Trajectory
At the same time, we consider the forces acting on the projectile and its motion in the fol-

lowing coordinate system.

Figure 4: Coordinate System Diagram
Here we analyze the forces acting on an object. Objects are subject to gravity acting verti-

cally downward:

G=mg 4-1)
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Additionally, objects experience drag force opposing their velocity. Here we employ a drag
model widely used in fluid dynamics and ballistics. The aerodynamic drag acting on a projectile

during flight is given by the following formula:

— 1 —
Fp==5CopSv, -, (4-2)

Among these,C, is the drag coefficient, whose value depends on the shape of the projectile

and the Reynolds number; p is the density of air; § is the characteristic area of the projectile,

1.e., its central cross-sectional area;V, is the projectile's velocity relative to the air.

Using Newton's second law, we can derive the following set fundamental of equations:

) 2 2 2
LS N N E R
dt m 2 dt d 7 dt dt
d’y 11 |(dx 2(@; ]2(?12(@ j

=—— = —— +| —- +— | | —=——u, |-C,S
>  m 2p\/(dz uj ar dt a )

’ 2 2 2
¢z 11, J[d—) (B ()] s
i m 2"\ dr dt dt) dt 3)
dx =vcosfcos@
dt|_y
dy =vcos#sin @
dt|_,

% =vsinf
dt,_y

4.1.1 Models for Key Physical Quantities

Hereafter, we present the models and formulas for several key physical quantities discussed
in this paper. The relationships they describe are derived from classical and authoritative theo-
ries or experiments [1-4].

1) Temperature: Temperature varies with altitude. In this article, the projectile remains
within the troposphere throughout. We use the temperature expression from the International
Standard Atmosphere (ISA) model:

T

1S4

=T, —Lh (4-4)

Here, L is the vertical temperature lapse rate, set at0.0065°C /m ; h denotes the elevation

difference between the current location and the horizontal plane.
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2) Air density: Air density is related to the altitude and the temperature at the current loca-

tion. We employ an exponential atmospheric model:

—g,h
= p, ex 45
P =0 p( RT j 4-5)

3) Air viscosity: Viscosity varies with temperature. According to the Sutherland correla-

tion, the viscosity formula is as follows:

H= b (4-6)
I+—
T
In the equation above, a and b are constants determined experimentally,Since we employ

air in the ISA model, we adopt the following constants in the equation:

a=1485x10"kg/(m-s-K**),b=110.4K

4) Speed of sound: We employ the ideal gas isentropic sound velocity model to calculate

the speed of sound, with the formula as follows:

5=, /% (4-7)

5) dimensionless numbers: The Mach number Ma and the Reynolds number Re, defined
as follows:

Ma=" Re=PL (4-8)

S H
4.1.2 Model of the Drag Coefficient

The drag coefficient C, is the most critical and complex parameter in ballistic calculations.

It comprehensively reflects complex flow phenomena such as flow separation and shock for-
mation. Stokes' law or classical incompressible flow resistance formulas no longer apply in
transonic and supersonic ranges.

Considering that projectiles may decelerate from supersonic to subsonic speeds during
flight, we need a drag model that covers a wide range of Mach numbers. The semi-empirical
model proposed by Loth et al. [5], which incorporates compressibility corrections to the classi-
cal Clift-Gauvin formula, can accurately describe the drag characteristics of spheres from sub-
sonic to hypersonic speeds. Therefore, it is adopted in this paper. The core of this model lies in
modifying the classical Clift-Gauvin formula for incompressible flow resistance to capture the
effects of compressibility across different Reynolds number ranges. Specifically, we introduce

the Mach number correction factor defined by the formula
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C, =1.65+0.65tanh (4M, —3.4) for M, <1.5 (4-9)

C, =2.18-0.13tanh (0.9M , —2.7) for M, >1.5  (4-10)

in order to describe the overall trend of the drag coefficient with Mach number in the high

Reynolds number region (10,000 < Re, <1,000, 000) . It represents the ratio of the drag coeffi-

cient to the incompressible flow reference value.
Building upon this foundation, to extend the compressibility effects to a broader Reynolds

number range (45 <Re,<Re,_, ) ,we adopted the modified Clift-Gauvin formula proposed by

them, as follows:

C, = £(1+ 0.15Re,”*" ) H,, +

Rep

0.42C,,

1+(42’500/Rep1'16c‘“4 )+(GM /Repo'S) (4-11)

This formula incorporates corrections via two functions, G,, and H,, .Function G,, primarily
corrects the empirical term in the denominator of the drag formula under low-to-medium Reyn-
olds number conditions, precisely capturing the increase in drag with the rising Mach number
in this range; function /1, serves as a pre-factor, mainly correcting the plateau value of the drag

coefficient under high Reynolds number conditions. Functions Gm and Hm are defined as fol-

lows:

Gy =166M, +3.29M,> ~10.9M,+20  for M, <08 (4-12)
G, =5+40M," for M,>08  (4-13)
H, =0.0239M,’ +0212M,> ~0.074M, +1  for M, <1  (4-14)

1

H,=093+——
. 3.5+M,°

for M,>1  (4-15)

Therefore, this study will comprehensively employ the model system formed by the afore-
mentioned equations as the core basis for calculating the drag force experienced by spherical

projectiles in compressible flow regions.

4.2 Model Solution

For Question 1, substitute into the system of equations (4-3) the horizontal distance
Ax =1200m and vertical distance Az =0m between the target and the artillery piece, the calcu-
lated exit velocity-elevation angle phase diagram is shown in Figure 5. The projectile trajectory

diagrams for different charge configurations are shown in Figures 6 through 8.

-10-
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Figure 5:Exit Velocity-Elevation Angle Diagram
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Figure 6: Ballistic trajectory of the projectile under Loading Method I
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Figure 7: Ballistic trajectory of artillery shells under Loading Method 11
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Figure 8: Ballistic trajectory of artillery shells under Loading Method III

According to our assumptions, due to the discrete nature of the propellant charge, the ve-

locity can only take discrete values, specifically:

v, =259.8076m/s, v, =367.4235m/s, v, =450.0000m/s

The Elevation angle solutions corresponding to each speed are shown in the table below.

-12-
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Table 1: The exit velocity and Elevation angle obtained from Problem 1

v/ (mes) E 0,/°
v, 8.5623 72.6924
v, 5.0794 75.9605
v, 3.8231 77.1028

Among these, the small angle 0, and the large angle &, can both hit the target.

4.3 Artillery Fire Table Method

4.3.1 The Development and Rationality of Artillery Fire Tables

The use of artillery tables dates back to the early days of artillery, when gunners relied on
accumulated experience and rough estimates for aiming. By the mid-19th century, the advent
of rifled barrels and standardized propellants made the need for systematic aiming data increas-
ingly apparent. Early tables were mostly compiled through costly and time-consuming live-fire
trials. By the late 19th century, ballisticians such as Francesco Sciacchi introduced mathemati-
cal ballistics theory, enabling the theoretical calculation of projectile trajectories. This break-
through paved the way for more precise and universally applicable firing tables.

The fundamental principle of artillery firing tables lies in decoupling complex ballistic cal-
culations from real-time firing operations. Its core advantage is transforming the cumbersome
process of solving nonlinear differential equations into a battlefield-ready workflow of table
lookups and simple arithmetic operations. This is achieved by pre-calculating ballistic data un-
der standard conditions and attaching correction factors for varying environmental conditions.
This approach demonstrated exceptional rationality and practicality during historical periods of
scarce computational resources:

* Enhance combat effectiveness: Artillery officers no longer need to perform complex
calculations on-site, enabling them to quickly obtain initial firing parameters and signif-
icantly reduce reaction time.

* Ensure shooting accuracy: Benchmark data pre-calculated based on rigorous physical
models and validated correction factors provide a reliable theoretical foundation for
shooting, eliminating errors inherent in purely empirical estimation.

* Enhance environmental adaptability: By incorporating corrections for wind, eleva-
tion, temperature, and other factors, the artillery maintains a high hit rate under varying

environmental conditions.

13-
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* Lower the operating threshold: Trained officers can execute relatively precise artil-
lery missions, reducing the mathematical skills required of operators.

Therefore, the shooting table method adopted in this paper was not only a historically inev-

itable choice but has also demonstrated full rationality and effectiveness in model validation

and practical application.

4.3.2 Principles of Target Chart Compilation

Based on the ballistic model established in Sections 4.1-4.2, the reference elevation angles
corresponding to reference ranges from 1000 meters to 1500 meters, spaced at 50-meter inter-
vals, were calculated separately for each propellant configuration.

Based on this, we use a program to determine the correction values under different condi-
tions. Taking wind correction as an example, while keeping all other conditions constant at the
same reference range, we only alter the wind speed. We calculate the range deviation of the
shell for each wind speed, plot the scatter diagram, and then use linear fitting to describe the
relationship between wind speed and deviation. The slope of the fitted line is extracted as the
correction rate, yielding the correction value. During linear fitting of each variable, we em-
ployed R’ tests, finding R values consistently exceeding 0.95. This indicates strong linear fit-
ting, confirming the high precision of the correction values. To facilitate adjustments by offic-
ers on the battlefield, all corrections in our artillery firing tables are rounded to whole numbers.

The same applies to other variables, which are ultimately compiled into a projection table,
Below are some fitting curves. The graphical results indicate a strong linear correlation between
the correction for range, crosswind velocity, range wind velocity, and the firing parameters,

with R-squared values closely approaching 1.0.

75.4 : . . . 76.7 . s
4 A Actual data points y. A Actual data points
—~ 753 Linear fitting line | —~ 766 Linear fitting line
= R? = 0.999993827 = R? = 0.999996434
QO 752 1 9
3 5 765
2 <4
s 751 =
3 3 764t
QL 75+ Q9
2 2 76.3
< <
- 7491 -
S 2 762
S 748} g
<@ <@
Wo7a7t w761
74.6 : : : — 76 : : : .
0 10 20 30 40 50 0 10 20 30 40 50
Depth Correction(m) Depth Correction(m)
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Figure 9: Fitting Curves Diagram

4.3.3 How to Use the Projection Chart

First, we provide abbreviations for the parameter names in the artillery firing table for con-

cise representation, as follows:

Table 2: Abbreviations and Units for Artillery Fire Tables

Parameters Abbreviation Unit
Reference Range BRm m
Reference elevation angle BEd ©
Reference elevation angle BEmi mil
Correction for per 10m depth DCmi mil
Correction for per 1m/s range wind LWCm n
Correction for per 1m/s crosswind CWCmi mil
Correction for per 10m elevation difference ECm m
ACm m

Correction for per 100 meters Altitude

As shown in the table, mil is a commonly used angular unit in artillery, its conversion re-

lationship is 1 mil =0.06°=0°3'36". Below, we provide the physical quantity codes and their

positive/negative specifications:

Rulel: As indicated above, we have three propellant loading configurations: loading one

propellant charge (Type I), loading two propellant charges (Type II), and loading three propel-

lant charges (Type III), numbered 1 through 3.

Rule2: Similar to the calculation format in Section 4.2, for each corresponding target, we

have two firing modes: direct fire (designated as a) and indirect fire (designated as b).

Rule3: For range wind, downwind is defined as positive and upwind as negative. For

-15-
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crosswind, a right-hand rule is defined where the wind direction forms a right-handed curve

with the horizontal forward direction and the vertical upward direction; positive is defined as

the direction of the curve, and negative as the opposite direction.

For artillery firing tables applicable to all scenarios, we provide them in sections Al a to

A3 b of Appendix A. Example scenarios are presented in section A4. Below is the operational

procedure flowchart and detailed instructions:

( Begin )

Choose projection chart according to
propellant charge conditions

Measure the horizontal distance between
the artillery and the goal, note as L meters

y

Find the row the number in which
is closest to L in the column titled
“BRm”,note this row as row i

Read the number in row i of the
column titled “Acm”, noteasa

A4

Measure the altitude of the location of
the artillery, note as b meters

Read the number in row |
of the column titled
“ECm”, noteasc

v

Measure the escalation between the
goal and the artillery, noteasd
meters. d is positive when the goal is
higher than the artillery.

Read the numberin row i of
the column titled “LWCm”,
notease

Calculate the corrected range using the formula: S
=L-a*(b/100) + c*(d/10) + e*f.

In the column titled “BRm”, find the
row whose value s closest to the
calculated S. Designate this as row j
and store its valueas h.

Read the value from

row j in the column

titled “BEmi”. Store
thisvalue as g.

v

Read the value from row j in
the column titled “DCmi”.
Store this value as k.

.

Read the value from row j in
the column titled “CWCmi”.
Store this value as m.

v

Measure the component of the current wind velocity
perpendicular to the line connecting the artillery and the target.
A positive value indicates wind blowing from right to left (when

facing the target). Store this velocity in m/s asn.

Using large angle
firing?

Measure the component of the current wind velocity
parallel to the line connecting the artillery and the target. A
positive value indicates a headwind (wind blowing from the
target towards the artillery). Store this velocity in m/s asf.

Calculate the final firing solution

Elevation Angle p = g - k¥(S-h) in

mils. Deflection g=n*m in mils. A
positive value indicates a
rightward shift in traverse.

A 4
Calculate the final firing solution
Elevation Angle p =g+ k*(S-h)
in mils. Deflection g=n*m in mils.
A positive value indicates a
rightward shift in traverse.

End

A

Figure 10: Flowchart for Using the Artillery Table

Step1: Identify fundamental shooting elements

1.Acquire target information:

* Target distance: Officers must be obtained through methods such as map surveying and

observer reports.

-16-
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* Elevation difference: Target elevation minus artillery position elevation.

* Altitude of the position: The elevation of our artillery position.

2.Retrieve environmental information:

* Range wind speed: The component of wind speed along the horizontal direction of travel.

* Crosswind speed: The component of wind velocity perpendicular to the horizontal di-
rection of travel.

3.Propellant Selection and Firing Mode:

* Select based on tactical requirements: choose “direct fire” or “small angle” for direct
engagements, and “indirect fire” or “large angle” for striking targets behind cover. Pro-
pellant selection is typically determined by range and ballistic requirements.

Step2: Query reference data

In the corresponding artillery firing table, locate the row with the reference range closest
to the target distance.
Step3: Calculate the respective correction values

Now, we need to apply corrections based on environmental conditions. For each correction
value, we round to the nearest integer as specified by IEEE 754.
1.Depth Correction:

Rules: For direct fire, the correction value is positive; for indirect fire, the correction value

1s negative. For data not found in the firing table, consider the largest value closest to it and use

the difference between the two as the correction data.

Calculation Method: AG,,. = [i % -DCmi }
2.Range wind Correction:

Rules: Range wind correction is opposite to wind direction. When downwind or range
wind speed is positive, the correction value is negative; when headwind or range wind speed is

negative, the correction value is positive.
u
Calculation Method: Ax,,, = [—TX . LWCm}

3.Crosswind Correction:
Rules: Crosswind correction is opposite to the wind direction. When crosswind speed is
positive, the correction value is negative (left to right); when crosswind speed is negative, the

correction value is positive (right to left).

-17-
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Calculation Method: Ag, ., = {_”Ty -C Wsz}

4.Elevation Difference Correction:
Rules: Elevation difference correction is positive. The greater the elevation difference,

the more the projection must occur toward the rear, increasing the distance.
) Az
Calculation Method: Ax,. = E-ECm

5.Altitude correction:
Rules: Altitude correction is negative. The higher the altitude, the thinner the air and the

lower the air resistance, requiring a slightly forward trajectory and resulting in reduced distance.
) h
Calculation Method: Ax,. = ~100 ACm

Step4: Calculate the final data comprehensively

Apply all corrections to the baseline data,

X it = Xpgse T Oy + AXpe +AX -

value for the closest reference range, and cal-

ase

Then, x,,, locates the corresponding 6,

culates 6,

0

final

=0,

base

+A0,.

P finat = AQey

S  Error Analysis

To verify the accuracy of the artillery firing table, we selected the Type III charge configu-
ration and indirect fire conditions. We systematically analyzed the distance between the shell
impact point and the aiming point under varying baseline ranges, elevation differences, and the
effects of crosswind and downwind. The left panel below illustrates the impact of baseline range
and target elevation difference on range error under these conditions, while the right panel

shows a box plot of the range error.
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Figure 11 : Thermal map of the impact of x,,, and Az on range error and its box plot

As mentioned earlier, we fitted the correction values under different conditions using a lin-
ear model and rounded the final results. Consequently, the range error exhibits a distinct peri-
odic relationship with the baseline range and the target elevation difference. Near sampling
points close to the firing table's compilation, the error is minimal; it gradually increases as the
deviation from these sampling points grows. However, since a separate ECm was defined for

each x,, during table creation, the overall range error does not increase proportionally with

the growing difference between the baseline range and target elevation. Box plots indicate an

average range error of 1.20m, a maximum error of 3.53m, and an overall error rate around 0.1%.

Range Error(m)

0.5

1200

1250

Reference Range(m) 1300

Range Wind Velocity(m/s)

Figure 12: Thermal map of the impact of x,,, and u_ on range error and its box plot
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As shown in Figure 12, the effect of altering the reference range and crosswind on range
error also exhibits periodic variation. The box plot indicates an average range error of 0.87 m

and a maximum error of 2.14 m, with the error remaining below 0.1%.
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Figure 13: Thermal map of the impact of x,,, and u# on range error and its box plot

As shown in the figure above, the effects of altering the reference range and crosswind on
range error differ significantly from those depicted in Figures 11 and 12. This is primarily be-
cause the influence of crosswind on projectile deflection exhibits a highly linear correlation
with crosswind speed, enabling linear fitting models to achieve excellent impact point correc-
tions. Meanwhile, the periodic variation in range error with reference range is mainly caused
by rounding in the firing table data. Thermal analysis indicates that range error remains virtually
unchanged with crosswind speed variations. Box plots reveal an average error of 0.43m and a
maximum error of 1.02m, with overall error below 0.05%.

These results indicate that the artillery firing table fitted using a linear model is highly ac-
curate, with range errors not increasing despite expanding influence conditions. In summary,
this artillery firing table demonstrates excellent robustness and accuracy while meeting battle-

field requirements for rapid fire control parameter binding.



The University Physics Competition, Team 207, Problem B

6 Discussion

First, we will discuss the strengths and weaknesses of this paper. The primary strengths lie
in the accuracy of the mechanistic model and the rationality of the firing table compilation
method. When establishing the mechanistic model, the effects of temperature, altitude, and
other factors on the atmosphere were comprehensively considered. Furthermore, the Loth
model was utilized to calculate the drag coefficient in both supersonic and subsonic regimes,
which contributes to the model's high accuracy. Linear fitting and error analysis have demon-
strated that the firing table compiled herein possesses extremely high precision, thus validating
the soundness of its compilation methodology.

However, this study also has several limitations. First, an analytical model was not estab-
lished. The system of differential equations, constructed using the more complex parameters
from the mechanistic model, is nonlinear and lacks an analytical solution. It can only be solved
through numerical computation, which introduces additional error and uncertainty. Second, the
model inadequately considers the projectile's transition phase as it decelerates from the super-
sonic to the subsonic region. Lastly, the model does not account for the effects of vibrations
caused by insufficient structural strength of the cannon; in reality, barrel vibration and oscilla-
tion are major sources of artillery inaccuracy.

These shortcomings, arising from various data-related and theoretical difficulties, are chal-
lenging to resolve at present but are nonetheless objective realities. In the subsequent sections,

we will explore other potential directions for this research.

6.1 Fire Correction and Trajectory Adjustment

Under realistic combat conditions such as military operations, artillery units find it diffi-
cult to obtain precise range, elevation differences, and azimuth angles of targets. At this point,
the initial fire based on observation data and firing tables is often inaccurate, with its impact
point deviating from the target by dozens to hundreds of meters. In practice, forward observ-
ers report the lateral and longitudinal deviations of the impact point to the artillery com-
mander. Based on this feedback, the commander adjusts the elevation and azimuth angles of
all artillery pieces by several mils. This method facilitates effective target engagement despite
initial measurement inaccuracies.

Furthermore, artillery in military operations frequently needs to make rapid, small-scale
adjustments to engagement targets. For instance, after several firing rounds, units might shift
their fire to deeper enemy positions or engage retreating or moving targets. Under such cir-

cumstances, re-measuring all target parameters is excessively time-consuming. Artillery units
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typically employ a range correction method based on the firing table, which involves adjust-

ing only the gun's elevation angle by a few mils to expedite firing preparation. This is also the

purpose of the DCmi column in the firing tables developed in this study.

6.2 Sonic Boom in Transonic to Supersonic Transition

A sonic boom is the shockwave phenomenon generated when a projectile travels at super-
sonic speeds. The dissipation of its energy introduces additional drag and affects ballistic sta-
bility. This model indirectly accounts for the macro effects of sonic booms through vertical
gradients in air density and the speed of sound: for instance, as altitude increases, thinner air
reduces the speed of sound, causing the Mach number to rise for the same initial velocity. This
intensifies the sonic boom, thereby increasing the drag correction factor.

The implications for firing table corrections are that when projectiles transition from super-
sonic to subsonic speeds, the nonlinear resistance changes near the sonic boom vanishing point
may introduce errors. For high-precision requirements, incorporating a transient acrodynamic

model can quantify the transient effects of sonic booms.

6.3 Shock Wave

At supersonic conditions, a shock wave forms ahead of the projectile, causing a sudden
increase in pressure and a drastic change in the drag coefficient. The Loth drag coefficient
model employed in this paper captures the compressibility effects induced by the shock wave
through a Mach number correction factor.

The shock wave's influence is particularly pronounced in the ballistic trajectory: during
the supersonic phase, the projectile decelerates more rapidly and follows a steeper trajectory;
while at transonic speeds, the nonlinear variation in drag coefficient may induce trajectory jit-
ter. Through error analysis, this model demonstrates prediction errors below 0.1% within the
supersonic range, validating the Loth model's reasonable representation of shock wave effects.
However, in actual combat, shock waves may also induce structural vibrations or stability is-

sues in projectiles.

7 Conclusion

This study successfully developed a historically-informed ballistic model and artillery firing
table for spherical projectiles of the mid-19th century. By integrating a physics-based trajectory
model with a advanced drag coefficient formulation valid across multiple speed regimes, the

flight behavior of projectiles under varying conditions was accurately captured. Under the
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assumptions of this study, the mechanism model has obtained six sets of ballistic solutions for
the horizontal distance Ax =1200m and vertical distance Az =0m .

The artillery firing table provides field officers with a practical tool for rapidly determining
firing parameters. Systematic error analysis confirms the model's robustness, with range errors
below 0.1% under typical combat conditions. The incorporation of environmental corrections
further ensures adaptability and reliability in real-world scenarios.

This work bridges historical artillery practices with modern computational modeling, offer-
ing a validated framework for understanding 19th-century ballistics. The methodology and re-
sults can support further historical analysis, simulation-based training, or the design of period-

accurate wargaming systems.
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Appendices

Al _a Type I, Small angle
BRm BEd BEmi DCmi LWCm | CWCmi ECm ACm
1000 06°40' 111 2 3 1 6 3
1050 07°10' 119 2 4 1 7 3
1100 07°42' 128 2 4 2 8 3
1150 08°16' 138 2 4 2 11 4
1200 08°51' 147 2 5 2 12 4
1250 09°27' 158 2 5 2 13 4
1300 10°06' 168 2 6 2 14 5
1350 10°47' 180 2 6 2 15 5
1400 11°29' 191 2 6 2 17 5
1450 12°14' 204 3 7 2 19 6
1500 13°02' 217 3 7 2 20 6

* Propellant charges Type I, Small Angle (Direct fire)

* The target elevation correction (DCmi) is positive when firing directly

* Range wind correction (LWCm) is opposite to the wind direction
* Crosswind correction (CWCmi) is opposite to the wind direction
* Elevation difference correction value (ECm) is positive

* Altitude correction value (ACm) is negative

24-
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Al b Type I, Large angle
BRm BEd BEmi DCmi LWCm | CWCmi ECm ACm
1000 75°21" 1256 3 20 17 1 7
1050 74°31" 1242 3 20 16 1 7
1100 73°40' 1228 3 20 15 2 8
1150 72°47" 1213 3 20 15 2 8
1200 71°53' 1198 3 20 14 2 8
1250 70°58' 1183 3 20 13 2 9
1300 70°02' 1167 3 20 13 2 9
1350 69°03' 1151 3 20 12 2 9
1400 68°04' 1134 3 20 12 2 10
1450 67°02' 1117 4 20 11 2 10
1500 65°58' 1099 4 20 11 2 10

* Propellant charges Type I, Large Angle (Indirect fire)

* The target elevation correction (DCmi) is negative when firing indirectly

* Range wind correction (LWCm) is opposite to the wind direction
* Crosswind correction (CWCmi) is opposite to the wind direction
* Elevation difference correction value (ECm) is positive

* Altitude correction value (ACm) is negative
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A2 a Type II, Small angle
BRm BEd BEmi DCmi LWCm | CWCmi ECm ACm
1000 03°55' 65 1 3 1 5 3
1050 04°14' 71 1 4 1 5 4
1100 04°34' 76 1 4 1 6 4
1150 04°54' 82 1 4 2 6 4
1200 05°16' 88 1 5 2 7 4
1250 05°38' 94 1 5 2 8 5
1300 06°02' 101 1 5 2 9 5
1350 06°27' 107 1 6 2 13 5
1400 06°53' 115 1 6 2 14 6
1450 07°20' 122 2 6 2 15 6
1500 07°48' 130 2 7 2 16 6

* Propellant charges Type II, Small Angle (Direct fire)

* The target elevation correction (DCmi) is positive when firing directly

* Range wind correction (LWCm) is opposite to the wind direction
* Crosswind correction (CWCmi) is opposite to the wind direction
* Elevation difference correction value (ECm) is positive

* Altitude correction value (ACm) is negative
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A2 b Type 11, Large angle
BRm BEd BEmi DCmi LWCm | CWCmi ECm ACm
1000 77°58' 1299 2 26 23 1 8
1050 77°18' 1288 2 26 22 1 8
1100 76°38' 1277 2 26 21 1 9
1150 75°57" 1266 2 26 20 1 9
1200 75°16' 1254 2 26 19 1 9
1250 74°33' 1243 2 26 19 1 10
1300 73°50' 1231 2 26 18 1 10
1350 73°07' 1219 2 26 17 1 10
1400 72022 1206 3 26 16 1 11
1450 71°37' 1194 3 26 16 1 11
1500 70°50' 1181 3 27 15 1 12

* Propellant charges Type II, Large Angle (Indirect fire)

* The target elevation correction (DCmi) is negative when firing indirectly

* Range wind correction (LWCm) is opposite to the wind direction
* Crosswind correction (CWCmi) is opposite to the wind direction
* Elevation difference correction value (ECm) is positive

* Altitude correction value (ACm) is negative
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A3 a Type II1, Small angle
BRm BEd BEmi DCmi LWCm | CWCmi ECm ACm
1000 02°55' 49 1 3 1 4 4
1050 03°10' 53 1 3 1 4 4
1100 03°26' 57 1 4 1 5 4
1150 03°42' 62 1 4 2 6 5
1200 03°59' 66 1 4 2 6 5
1250 04°17' 71 1 4 2 7 5
1300 04°36' 77 1 5 2 8 6
1350 04°55' 82 1 5 2 9 6
1400 05°16' 88 1 5 2 10 6
1450 05°37' 94 1 6 2 10 7
1500 05°60' 100 1 6 2 15 7

* Propellant charges Type 111, Small Angle (Direct fire)

* The target elevation correction (DCmi) is positive when firing directly

* Range wind correction (LWCm) is opposite to the wind direction
* Crosswind correction (CWCmi) is opposite to the wind direction
* Elevation difference correction value (ECm) is positive

* Altitude correction value (ACm) is negative

8-
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A3 b Type 111, Large angle
BRm BEd BEmi DCmi LWCm | CWCmi ECm ACm
1000 78°54' 1315 2 29 27 1 8
1050 78°17 1305 2 29 25 1 9
1100 77°41' 1295 2 29 24 1 9
1150 77°03' 1284 2 29 23 1 9
1200 76°26' 1274 2 29 22 1 10
1250 75°47" 1263 2 29 21 1 10
1300 75°09' 1252 2 30 20 1 11
1350 74°29' 1242 2 30 20 1 11
1400 73°49' 1230 2 30 19 1 12
1450 73°09' 1219 2 30 18 1 12
1500 72°28' 1208 2 30 18 1 12

* Propellant charges Type 111, Large Angle (Indirect fire)

* The target elevation correction (DCmi) is negative when firing indirectly

* Range wind correction (LWCm) is opposite to the wind direction
* Crosswind correction (CWCmi) is opposite to the wind direction
* Elevation difference correction value (ECm) is positive

* Altitude correction value (ACm) is negative
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A4 Sample

Simulating a real-world scenario: An officer positioned at an elevation of 500 meters aims
to hit a target located 1300 meters horizontally away at an elevation of 550 meters using the
maximum velocity indirect fire method. At this time, the officer has measured a downwind
speed of +3 m/s and a crosswind speed of -5 m/s.

Step1: Reference range x,_ . is 1300m,our elevation / is 500m,elevation difference A: is
50m,,range wind speed u, is 3 m/s, crosswind speed u, is =5 m/s.

Step2: The officer selected Type III and indirect fire, corresponding to the A3 b artillery
table. The base range was 1300m. We located the corresponding row and determined the other

data.

Step3: Substituting the data , yields Af,. =0mi, Ax,, =-90m, A, =100mi, Ax,. =5m,

Ax,. =-55m
Step4: Summarize the elevation angle, azimuth angle, and actual range.
X iy =1160m
0 i =1274mi
Pinal = 100mi

-30-
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B

Code

Problem 1.m

function FIG=Problem_1(fig_i,fig_j,i total,j to-
tal)
if nargin < 1
fig_i=1;fig_j=2;i_total=3;j total=3;
end
v_0=450*sqrt(fig_i/i_total);
x_target=1200;
params.g=9.80665;
params.rou=1.225;
params.T=288.15;
params.m=5;
params.S=pi*0.055"2;
params.C_D=0.285;
params.z_0=500;
deg2rad=pi/180;
neg_range fun = @(theta) -calcu-
late_range(theta, v_0, params);
theta_search_interval rad = [0, 90*deg2rad];
[theta max rad, neg_max_range] =
fminbnd(neg_range fun, ...
theta_search_inter-
val_rad(1), ...
theta_search_inter-
val_rad(2));
theta max deg = theta max rad / deg2rad;
max_range = -neg_max_range;
if max_range<x_target
return
end
if fig_j==1
fprintf("\n\n}f & : %.4fm/s\n', v_0);
[D, M, ~] = deg2dms(theta_ max_deg);
fprintf("f RS FEXT B AN A : %d°%2d"\n!,
D, M);
fprintf(' e KHFE: %.2f K\n', max_range);

theta deg vec =1:1:89;

range vec = zeros(size(theta_deg vec));

for i = 1:length(theta_deg vec)

range vec(i) = calcu-

late_range(theta_deg vec(i) * deg2rad,
v_0, params);

end

subplot(i_total,j total,(fig _i-1)*j total+fig j);

plot(theta deg vec, range vec,'-', 'Lin-
eWidth', 2);

hold on;

plot(theta_max_deg, max_range, 'x', 'Mark-
erSize', 10, 'LineWidth', 2, 'MarkerFace-
Color', 'r");
title(["H A 5 /KPR G R (WHE
=" num2str(v_0),'m/s)'],'FontSize',8);
label_text = sprintf("{f A (°)\nfl f %d°%2d"
I Xof ¥ B K S FR %.2fm!, D, M,
max_range);
xlabel(label_text,'FontSize',8);
ylabel('7KF-4F£ (m)', FontSize',8);
legend(‘FE LR, " KA FE", FontSize',5);
axis ([-5 95 -50 3500));
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grid on;
set(gca, 'Looselnset', [1,1,1,1]);
hold off;

end

if fig_j==

theta guess interval deg=[1,theta max_deg];
elseif fig_j==
theta_guess_inter-
val deg=[theta_max_deg,89];
else
return

end

theta guess_interval rad=theta guess_inter-
val_deg*deg2rad;

loss_fun=(@(theta)calculate loss(theta,v_0,x_tar-
get,params);

[theta solution rad,loss at solu-
tion]=fzero(loss_fun,theta guess_inter-
val rad);

theta_solution_deg=theta solution rad/deg2rad;

fprintf(' H AR FE 5 :%. 1fm\n' x_target);

[D, M, ~] = deg2dms(theta_solution _deg);

fprintf(' BT 7 100 /1:%d°%2d"\n', D, M);

if loss_at solution>1e-3

fprintf(' i & % 22 (x_final-x_tar-
get):%.4fm\n',loss_at_solution);

end

Z0_optimal=[0;v_0*cos(theta_solu-
tion_rad);0;v_0O*sin(theta_solu-
tion_rad)];

options_optimal=odeset('Events',@land-
ing_event);

ode fun_opti-
mal=@(t,Z)main_model ODE(t,Z,para
ms);

[t sol,Z sol]=ode45(ode fun_ opti-
mal,[0,1000],Z0_ optimal,options_opti-
mal);

turbo_15=turbo(15);

if fig_i==

smoke color = turbo_15(2,:);
elseif fig_i==2
smoke color = turbo_15(9,:);
elseif fig_i==3
smoke color = turbo_15(10,:);
end
if fig_j==2
FIG=plot(Z sol(:,1),Z sol(:,3),-','Lin-
eWidth',2,'Color',smoke_color);
elseif fig_j==3
FIG=plot(Z_sol(:,1),Z _sol(:,3),--','Lin-
eWidth',2,'Color',smoke_color);

end

hold on;

xlabel('Horizontal Range x(m)','FontSize',12);

ylabel('Height Above Ground z(m)','Font-
Size',12);

axis ([-5 1250 -50 2600]);

set(gca, 'Looselnset', [1,1,1,1]);

grid on;

end
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function range = calculate range(theta, v_0,
params)
Z 0=1[0;v_0*cos(theta); 0; v_0*sin(theta)];
options = odeset('Events', @landing_event);
ode fun = @(t, Z) main_model ODE(t, Z,
params);

try
[~, Z sol,~,Z E]=ode45(ode_fun, [0,
1000], Z_0, options);
if isempty(Z_E)
range = Z_sol(end, 1);
else
range =Z E(1, 1);
end
catch
range = -1;
end
end
function[value,isterminal,direction]=land-
ing_event(t,Z)
value=Z7(3);
isterminal=1;
direction=-1;
end
function loss=calculate loss(theta,v_0,x_tar-
get,params)

_0=0;

=v_0*cos(theta);
t 0=v_0*sin(theta);
Z 0=[x 0;x t 0;z 0;z t 0O];

X
z 0=
Xt
zZt

options=odeset('Events',@landing_event);

ode fun=@(t,Z)main_model ODE(t,Z,
params);

t span=[0,100];

[~,Z sol,T E,Z EJ]=ode45(ode fun,t sp
an,Z_0,options);

if isempty(T_E)

x_final=Z sol(end,1);
loss=x_final-x_target;
else

x_final=Z E(1);
loss=x_final-x_target;
end
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end
function dZ=main_model ODE(t,Z,params)

g=params.g;
T=params.T-0.0065*(Z(3)+params.z_0);

rou=params.rou*exp((-
g*(Z(3)tparams.z_0))/(287*T));

miu=(1.485¢-
6*sqrt(0.972*T))/(1+110.4/(0.972*T));

m=params.m;

S=params.S;

v=sqrt(Z(2)2+Z(4)"2);

Re=rou*0.055*2*v/miu;

¢ 0=sqrt(1.4*8.31446*T/0.02897);

Ma=v/c_0;

if Ma<0.8
G_M=166*Ma"3+3.29*Ma"2-10.9*Ma+20;
elseif Ma>=0.8
G_M=5+40*Ma"-3;
end
if Ma<1
H M=0.0239*Ma”3+0.212*Ma"2-
0.074*Ma+1;
elseif Ma>=1
H M=0.93+1/(3.5+Ma"5);,
end
if Ma<1.5
C_M=1.65+0.65*tanh(4*Ma-3.4);
elseif Ma>=1.5
C _M=2.18-0.13*tanh(0.9*Ma-2.7);
end

C_D=24*(1+0.15*Re"0.687)*H_M/Re
+0.42*C_M/(1+(42500/Re”(1.16*C_M)
)H(G_M/sqrt(Re)));

dZ=zeros(4,1);

dZ(1)=2(2);
dZ(2)=-v*Z(2)*(rou*C_D*S)/(2*m);
dZ(3)=Z(4);
dZ(4)=-v*Z(4)*(rou*C_D*S)/(2*m)-g;

end

function [D, M, S] = deg2dms(deg_decimal)
if ~isnumeric(deg_decimal) || ~issca-

lar(deg_decimal)
error("fii N A2 — M s EEUE");

end

sign_val = sign(deg_decimal);
deg_abs = abs(deg_decimal);

D_abs = floor(deg_abs);

M_decimal = (deg_abs - D_abs) * 60;
M_abs = floor(M_decimal);

S =(M_decimal - M_abs) * 60;

D =sign_val * D_abs;
M=M abs;
end
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run_Problem 1.m

clc;clear;close all;
i_total=3;
j_total=3;

subfolder = 'Figures_ [ @ —;

if ~isfolder(subfolder)
mkdir(subfolder);
end
text L={ 'Small Angle Solution for propellant
charges(Type 1), 'Large Angle Solution
for propellant charges(Type I)';...
'Small Angle Solution for propellant
charges(Type II)', 'Large Angle Solution
for propellant charges(Type II)';...
'‘Small Angle Solution for propellant
charges(Type III)', 'Large Angle

Solution for propellant charges(Type
1)}
for i=1:i_total
figure("Position",[100 100 400 350]);
FIG=zeros(1,2);
for j=2:j total
FIG(j-1)=Problem_1(i,j,i_total,j total);
end
hold off;
legend([FIG(1), FIG(2)], ...
{text L{i,1},text L{i,2}}, ...
'Location','northeast', 'FontSize', 8);
set(gca, 'Looselnset', [1,1,1,1]);
name=sprintf('%d 5 %24 T FER", );
full path top = fullfile(subfolder, name);
print(gcf, full path top, '-djpeg', '-r600");
print(gcf, full path top, -dmeta');
close all;
end

Problem 2.m

function [theta_solution nowind deg,phi_solu-
tion_deg,detaX]=Problem 2(to-
tal params,fig _i,fig j)
theta_solution_nowind deg = NaN;
phi_solution deg = NaN;
deta X = NaN;
if nargin < 1
total params = struct();
total params.i_total = 3;
total params.z_0 = 3500;
total params.v_wind x =0;
total params.v_wind y =0;
total params.x_target = 1200;
total params.z_target = 0;
fig_i=3;fig_j=2;
end
i_total=total params.i_total;
params.z_O=total params.z_0;
params.v_wind x=total params.v_wind x;
params.v_wind_y=total params.v_wind y;
v_0=450*sqrt(fig_i/i_total);
X _target=total params.x_target;
z_target=total params.z_target;
targets = [x_target, 0, z_target];
params.g=9.80665;
params.rou=1.225;
params.T=288.15;
params.m=>5;
params.S=pi*0.0552;
params.C_D=0.285;
params_zerotest=params;
params_zerotest.v_wind_x=0;
params_zerotest.v._wind y=0;
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params_zerotest.z_0=0;

deg2rad=pi/180;

neg range fun = @(theta) -calcu-
late range(theta, v_0, params_zerotest);

theta_search_interval rad = [0, 90*deg2rad];

[theta max rad, neg_max_range] =
fminbnd(neg_range fun, ...

theta search_inter-
val_rad(1), ...

theta search_inter-
val rad(2));

theta max_deg =theta max_rad / deg2rad;

max_range = -neg_max_range;

if max_range<x_target

return
end
if fig_j==2

theta guess interval deg=[1,theta max_deg];
elseif fig_j==

theta guess_inter-

val_deg=[theta max_deg,89];

else

return

end

theta guess_interval rad=theta guess inter-
val deg*deg2rad;

loss_fun=@)(theta)calculate loss(theta,v 0,x tar-
get,params_zerotest);

[theta solution rad,loss at solu-
tion]=fzero(loss_fun,theta_guess_inter-
val_rad);

theta_solution_nowind deg=theta solu-
tion rad/deg2rad,;




The University Physics Competition, Team 207, Problem B

if loss_at solution>1e-3

end

theta_guess rad=theta solution_rad;

phi_guess rad = -atan(params.v_wind y/(v_0+
params.v_wind_Xx));

initial guess = [theta_guess rad,
phi_guess_rad];

loss_fun_handle = @(angles) calcu-
late wind_loss(angles, v_0, targets,
params);

options = optimoptions('fsolve', 'Display"', 'off’,
'Algorithm', 'levenberg-marquardt');

[solution, fval] = fsolve(loss fun_handle, ini-
tial guess, options);
if sum(fval."2) > 1e-3
return
end
theta_solution_rad = solution(1);
phi_solution_rad = solution(2);

x_real=calculate range(theta solution rad,v O,
params_zerotest);

deta X=x_real-x_target;

[D, M, ~] = deg2dms(theta_solu-
tion_nowind_deg);

str_theta_solu-
tion_nowind_deg=sprintf('%d°%d", D
M);

phi_solution_deg=phi_solution_rad * 180 / pi;

[D, M, ~] = deg2dms(phi_solution_deg);

str_phi_solution_deg=sprintf('%d°%d", D, M);

end

function range = calculate range(theta, v_0,

params)
0;

0
0=l

0;
0;

0=v_0*cos(theta)*1;
0=v_0%*cos(theta)*0;

't 0=v_O%*sin(theta);

Z 0=[x 0;x t O;y O;y t 0;z 0;z t O];
options = odeset('Events', @landing_event);
ode_fun = @(t, Z) main_model_ODE(t, Z,
params);

X
y_
z 0
Xt
y_t
zZt

try
[~, Z sol,~,Z E]=ode45(ode_fun, [0,
1000], Z 0, options);
if isempty(Z E)
range = Z_sol(end, 1);
else
range =Z_E(1, 1);
end
catch
range = -1;
end
end
function[value,isterminal,direction]=land-
ing event(t,Z)
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value=Z(5);
isterminal=1;
direction=-1;
end
function[value,isterminal,direction]=tar-
get height event(t,Z,z_target)
value=Z(5)-z_target;
isterminal=1;
direction=-1;
end
function loss=calculate loss(theta,v_0,x_tar-
get,params)

=0
=0;
03
0=v_0*cos(theta)*1;
0=v_0*cos(theta)*0;

= 0=v_0*sin(theta);
0=[x 0;x t O;y O;y t 0;z 0;z t O];

x 0
y 0=
z 0=
Xt
y_t |
z t
Z |

options=odeset('Events',@landing_event);

ode fun=@(t,Z)main_model ODE(t,Z,
params);

t_span=[0,100];

[~,Z sol,T E,Z E]=ode45(ode fun,t sp
an,Z_0,options);

if isempty(T_E)

x_final=Z sol(end,1);
loss=x_final-x_target;
else

x_final=Z_E(1);
loss=x_final-x_target;
end
end
function loss=calculate_wind _loss(an-
gles,v_0,targets,params)

theta=angles(1);
phi=angles(2);

0:
0;
0;

H?o

v_0*cos(theta)*cos(phi);
v_0*cos(theta)*sin(phi);
= 0=v_0*sin(theta);

X
y_
Z_
x t 0=
y_t 0=
Z

c—».—».—»O
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Z 0=[x_0;x t O;y O;y t 0;z 0;z t O];

x_target = targets(1);

y_target = targets(2);

z target = targets(3);

event fun = @(t, Z) target_height event(t, Z,
z_target);

options = odeset('Events', event_fun, 'RelTol,
le-6);

ode fun=@(t,Z)main_model ODE(t,Z,
params);

try
t span=[0,100];

[~,Z sol,T E,Z El=ode45(ode fun,t sp
an,Z_0,options);

if isempty(Z_E)
loss =[1e6; 1¢6];
else
x_final=Z E(1);
y_final=Z E(3);

loss = [x_final - x_target; y final -y tar-
get];
end
catch
loss =[1e6; 1¢e6];
end
end
function dZ=main_model ODE(t,Z,params)

g=params.g;
T=params.T-0.0065*(Z(5)+params.z_0);

rou=params.rou*exp((-
g*(Z(5)tparams.z_0))/(287*T));
miu=(1.485¢-
6*sqrt(0.972*T))/(1+110.4/(0.972*T));
m=params.m;
S=params.S;
v_wind_x=params.v_wind_Xx;
v_wind_y=params.v_wind_y;
v=sqrt((Z(2)-v_wind_x)"2+(Z(4)-
v_wind y)"2+Z(6)"2);
Re=rou*0.055*2*v/miu;
c_0=sqrt(1.4*¥8.31446*T/0.02897);
Ma=v/c_0;
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if Ma<0.8
G_M=166*Ma”3+3.29*Ma”"2-10.9*Ma+20;
elseif Ma>=0.8
G_M=5+40*Ma"-3;
end
if Ma<1
H M=0.0239*Ma”3+0.212*Ma"2-
0.074*Ma+1;
elseif Ma>=1
H M=0.93+1/(3.5+Ma"5);,
end
if Ma<1.5
C_M=1.65+0.65*tanh(4*Ma-3.4);
elseif Ma>=1.5
C _M=2.18-0.13*tanh(0.9*Ma-2.7);
end

C_D=24*(1+0.15*Re"0.687)*H_M/Re
+0.42*C_M/(1+(42500/ReN(1.16*C_M)
)+(G_M/sqrt(Re)));

dZ=zeros(4,1);

dZ(1)=Z(2),
dZ(2)=-v*(Z(2)-
v_wind_x)*(rou*C_D*S)/(2*m);
dZ(3)=2(4);
dZ(4)=-v*(Z(4)-
v_wind_y)*(rou*C_D*S)/(2*m);
dZ(5)=Z2(6);
dZ(6)=-v*Z(6)*(rou*C_D*S)/(2*m)-g;
end
function [D, M, S] = deg2dms(deg_decimal)
if ~isnumeric(deg_decimal) || ~issca-
lar(deg_decimal)
error("I AL AZ — MR EHUE");
end

sign_val = sign(deg_decimal);
deg_abs = abs(deg_decimal);

D_abs = floor(deg_abs);

M_decimal = (deg_abs - D_abs) * 60;
M_abs = floor(M_decimal);

S =(M_decimal - M_abs) * 60;

D =sign_val * D_abs;
M=M_abs;
end
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run_Problem 2.m

clc;clear;close all;
if isempty(gcp(‘nocreate'))
parpool('Processes');
pool = gep('nocreate');
fprintf(' LB NI4T, TAELLFEEL %d\n,
pool.NumWorkers);
end
total params = struct();
total params.i_total = 3;
total params.z 0 =0;
total params.v_wind x =0;
total params.v_wind y =0;
total params.x_target = 1000;
total params.z_target = 0;
fig_i=1;fig_j=2;

Basic_Table=zeros(total params.i_total,3,11);
TargetX Table=zeros(total params.i_to-
tal,3,11);
WindX Table=zeros(total params.i_to-
tal,3,11);
WindY_Table=zeros(total params.i_to-
tal,3,11);
Height_Table=zeros(total params.i_to-
tal,3,11);
Altitude Table=zeros(total params.i_to-
tal,3,11);
parfor fig_i=1:total params.i_total
temp_slice Basic = zeros(3, 11);
temp_slice TargetX = zeros(3, 11);
temp_slice WindX = zeros(3, 11);
temp_slice WindY = zeros(3, 11);
temp_slice Height = zeros(3, 11);
temp_slice Altitude = zeros(3, 11);
local params = total params;
for fig j=2:3
for x_target=1000:50:1500
local params.x_target=x_target;
[theta deg,~,~]=Problem_2(lo-
cal_params,fig i,fig j);
temp_slice Basic(fig_j,(x_target-
950)/50)=theta_deg;
Y _fix_target x=zeros(1,10);
Y _fix wind x=zeros(1,33);
Y_fix_wind_y=zeros(1,33);
Y_fix_height=zeros(1,35);
Y_fix_altitude=zeros(1,71);
for target x=0:5:45
count=(target x+5)/5;
local params.x target=x_target+tar-
get X;
[theta deg,~,~]=Problem_2(lo-
cal params,fig_ifig j);
Y_fix_target x(count)=theta_deg;
local params.x_target=x_target;
end
Result_fix_tar-
get x=fitlm(0:5:45,Y_fix_target x);
if Result_fix_target_x.Rsquared.Ordi-
nary>0.95
fix_target x=Result fix_tar-
get_x.Coefficients.Estimate(2);
else
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fix_target x=0;
end
temp_slice TargetX(fig_j,(x_target-
950)/50)=fix_target x;
if Result fix_tar-
get x.Rsquared.Ordinary > 0.99998
x_str=sprintf('Depth Correc-
tion(m)");
y_str=sprintf('Elevation Angle
Correction(®)");
filename_str = sprintf('Fit_Tar-
getX Charge%d Mode%d Range%d',
fig i, fig_j, x_target);
plot_fit results(0:5:45,
Y fix_target x, Result fix target x,
x_str,y_str, filename_str);
end
for wind=-8:0.5:8
count=(wind+8.5)*2;
local params.v_wind x=wind;
[~,~,deta_X]=Problem 2(lo-
cal_params,fig_i,fig j);
Y _fix_wind x(count)=deta X;
local params.v_wind x=0;
local_params.v_wind y=wind;
[~,phi_deg,~]=Problem 2(lo-
cal params,fig ifig j);
Y fix wind y(count)=phi_deg;
local params.v_wind y=0;
end
Result fix wind x=fitlm(-
8:0.5:8,Y _fix wind x);
Result fix wind y=fitlm(-
8:0.5:8,Y _fix wind y);
if Result_fix wind x.Rsquared.Ordi-
nary>0.95
fix wind x=Result fix wind x.Co-
efficients.Estimate(2);
else
fix_ wind x=0;
end
if Result_fix wind y.Rsquared.Ordi-
nary>0.95
fix_wind_y=Result_fix_wind_y.Co-
efficients.Estimate(2);
else
fix_ wind y=0;
end
temp_slice WindX(fig_j,(x_target-
950)/50)=fix_wind x;
temp_slice_WindY(fig_j,(x_target-
950)/50)=fix_wind y;
if Re-
sult_fix_ wind x.Rsquared.Ordi-
nary>0.9996
x_str=sprintf('Range Wind Ve-
locity(m/s)");
y_str=sprintf('Range Correc-
tion(m)');
filename_str =
sprintf('Fit_WindX_Charge%d_Mode%
d_Range%d', fig i, fig j, x_target);
plot_fit results(-8:0.5:8,
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Y fix wind x, Result fix wind x,
x_str,y_str, filename_str);
end

if Re-
sult fix wind y.Rsquared.Ordi-
nary>0.99999988
x_str=sprintf('Cross Wind Ve-
locity(m/s)");
y_str=sprintf(' Azimuth Correc-
tion(®)");
filename str =
sprintf('Fit_ WindY_Charge%d_Mode%
d_Range%d', fig_i, fig_j, x_target);
plot_fit results(-8:0.5:8,
Y fix wind y, Result fix wind vy,
x_str,y_str, filename_str);
end
for height=-850:50:850
count=(height+900)/50;
local params.z_target=height;
[~,~,deta_X]=Problem 2(lo-
cal_params,fig i,fig j);
Y fix_height(count)=deta X;
local params.z_target=0;
end
Result fix_height=fitlm(-
850:50:850,Y _fix_height);
if Result fix height.Rsquared.Ordi-
nary
fix_height=Result fix height.Coef-
ficients.Estimate(2);
else
fix_height=0;
end
temp_slice Height(fig_j,(x_target-
950)/50)=fix_height;

if Result fix height.Rsquared.Or-

dinary>0.95

x_str=sprintf('Target Elevation
Difference(m)');

y_str=sprintf('Range Correc-
tion(m)');

filename_str =
sprintf('Fit_Height Charge%d_Mode%
d_Range%d', fig_i, fig_j, x_target);

end
for altitude=0:50:3500
count=(altitude+50)/50;
local params.z_O=altitude;
[~,~,deta_X]=Problem 2(lo-
cal params,fig_ifig j);
Y_fix_altitude(count)=deta X;
local_params.z_0=0;
end
Result_fix_alti-
tude=fitlm(0:50:3500,Y fix_altitude);
if Result fix_altitude.Rsquared.Ordi-
nary>0.985
fix_altitude=Result_fix_altitude.Co-
efficients.Estimate(2);
else
fix_altitude=0;
end
temp slice Altitude(fig j,(x target-
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950)/50)=fix_altitude;

if Result fix_alti-

tude.Rsquared.Ordinary>0.95

x_str=sprintf('Current Alti-
tude(m)');

y_str=sprintf('Range Correc-
tion(m)");

filename_str = sprintf('Fit_Alti-
tude Charge%d Mode%d Range%d',

fig 1, fig_j, x_target);

end
end
end

Basic_Table(fig_i, :, :) = temp_slice Basic;
TargetX Table(fig i, :, :) = temp_slice Tar-

getX;

WindX Table(fig 1, :,:) =
temp_slice WindX;
WindY Table(fig 1, :,:) =
temp_slice WindY;
Height_Table(fig i, :, :) =
temp_slice Height;

Altitude Table(fig i, :, :) =temp_slice Al-

titude;
end
excel _file ="M 53 xlsx';

for m = 1:total params.i_total

forn=2:3

ifm==

charge name ='T'5 352y,
elseif m ==

charge name ='II'53%24";
else

charge name = TII'5- 34 24
end
ifn==

fire mode name =" 54"

TargetX_name="F- 4B 1E IE{H A IE"

mode_name = "5 (BLIERGHES o)
else

fire_mode_name = "Hii §';

TargetX_name="1 51 I IEAE M 111

mode_name = 'Hi T GEEBR ST )5

end

'

sheet name = [charge name, ' ',
fire mode name];

num_rows = size(Basic_Table, 3);

output_cell = cell(num_rows + 2, 8);

output cell{l, 1} = charge name;
output cell{l, 2} = mode name;
output cell{l, 3} =",

output cell{l, 4} = TargetX name;
output_cell{1, 5} ="YREIEE K MK
output_cell{1, 6} = "FERAEIE 5 KU HAH X'
output_cell{1, 7} =" EZEIE N IEE"
output_cell{1, 8} = "HHRAEIE N T
output_cell{2, 1} = "JEAEGFE(m));
output_cell{2, 2} = "JEHEMN A
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output_cell{2, 3} ="FEAEM A (F L)

output_cell {2, 4} ="EE10mHA RIS IE (3
(VA

output_cell{2, 5} =& 1m/s# XAZ IE(m)';

output_cell{2, 6} = " 1m/sif NIE IE (%
(VAR

output_cell{2, 7} = " 10mE £ 22 IE(m)';

output_cell{2, 8} = "&100miHE 15 1E (m)';

for i=1:num_rows
output_cell{i + 2, 1} = sprintf('%.0f', 950
+50 *i);
[D, M] = deg2dms(Basic_Table(m, n, 1));
output_cell{i+2,2} =
sprintf('%02d°%02d", D, M);
output_cell{i + 2, 3} = sprintf('%.0f,
Basic_Table(m, n, i) / 0.06);
output_cell{i + 2, 4} = sprintf('%.0f,
abs(10 * TargetX Table(m, n, 1)/
0.06));
output_cell{i + 2, 5} = sprintf('%.0f,
abs(WindX_Table(m, n, 1)));
output_cell{i + 2, 6} = sprintf('%.0f,
abs(WindY_Table(m, n, i) / 0.06));
output_cell{i + 2, 7} = sprintf('%.0f', 10 *
Height Table(m, n, 1));
output_cell{i + 2, 8} = sprintf('%.0f,
abs(100 * Altitude Table(m, n, 1)));
end
writecell(output_cell, excel file, 'Sheet',
sheet name, "WriteMode', 'over-
writesheet');

fprintf(' C K HHRE 5 N TAEE: %s\n,
sheet_name);
end

end
function [D, M] = deg2dms(deg_decimal)

if ~isnumeric(deg_decimal) || ~issca-
lar(deg_decimal)
error("fi N L2 — MR R EUE;
end

sign_val = sign(deg_decimal);
deg_abs = abs(deg_decimal);

D_abs = floor(deg_abs);
M decimal = (deg_abs - D_abs) * 60;
M _abs = floor(M_decimal);
S = (M_decimal - M_abs) * 60;
if S>=30
M abs=M abs+1;
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end

D =sign_val * D_abs;
M =M abs;
end
function plot_fit_results(x_data, y data,
fit_ model, x_str,y_str, filename_str)
fig = figure('Visible', 'off','Position’,[ 100 100
400 350]);
display_threshold = 30;
display_interval = 5;
if numel(x_data) > display_threshold
step = display_interval;
else
step=1;
end
plot(x_data(1:step:end), y_data(1:step:end), ",
'LineWidth', 2, 'DisplayName', 'Actual
data points');

hold on;
x_range = linspace(min(x_data), max(x_data),
100);
y_fit = predict(fit_ model, x_range");
plot(x_range, y_fit, '-', '"LineWidth', 2, 'Dis-
playName', 'Linear fitting line');
r_squared = fit_model.Rsquared.Ordinary;
legend_text = sprintf('R"2 = %.91, r_squared);
plot(NaN, NaN,'LineStyle', 'none', 'Display-
Name',legend_text);

legend('show','Location', northeast');
xlabel(x_str, 'FontSize', 12);
ylabel(y_str, 'FontSize', 12);

grid on;

hold off;

subfolder = 'Figures_ I\ & £k

if ~isfolder(subfolder)
mkdir(subfolder);
end
full_path_top = fullfile(subfolder, file-
name_str);
print(gcf, full path_top, -djpeg', '-r600");
print(gcf, full path top, -dmeta');
close(fig);
end




