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Abstract

We conceive a vintage artillery piece from roughly two centuries ago and, under multiple
physical factors (aerodynamic drag, wind, projectile spin, and target elevation), investigate the
optimal launch angle and optimal muzzle velocity. We employ the embedded Runge—Kutta—
Fehlberg method (RK45) to numerically integrate the governing equations of motion and derive

simplified, easy-to-use approximation formulas.

First, with the gun and target at the same elevation, no wind, and no spin, and with aerodynamic
drag proportional to the square of speed, we formulate the ordinary differential equations and
solve them numerically using Python’s ODE routines. We plot the launch-angle—velocity
relationships and introduce performance metrics such as flight time and terminal kinetic energy
in order to identify an optimal launch angle. For a representative case, we find that at a muzzle

velocity of approximately 450 m/s and a launch angle of 2.5-2.8°, performance is near-optimal.

Next, we incorporate wind by replacing the speed in the drag term with the relative air—projectile
speed. We find that for shallow angles (<10°) the wind has only a minor influence on the
trajectory (percent differences under 3%), whereas for steeper angles (>40°) the discrepancy
grows significantly.

We then include projectile spin and the associated Magnus force. The influence of spin likewise

grows with launch angle.

Fixing the muzzle velocity at 450 m/s, we fit the range—angle curve and obtain a compact

regression model, reaching the function 0y~ % +1.0165
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Building on this, we consider nonzero elevation differences between gun and target at a fixed

horizontal distance x = 1200 m and directly generate the required angle—velocity combinations.:

vo(09,h)=0.00100,>+-0.1026 6,>+C4.250,+(0.0042h2—0.315h+428.7)

5 _h+161.02  h
73801 38.01
Then,we We establish a more sophisticated and comprehensive model at a fixed vy=450m/s.

+4.236

Finally, we introduce correction terms for changing target range and wind, thereby providing
artillery officers a convenient field-calculation rule of thumb that requires little calculator:

o lul 0.00060,°~0.0726,2+2.850,+2.15
5 X

Keywords: projectile trajectory; aecrodynamic drag; numerical integration; optimal launch angle;

optimal muzzle velocity.
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1 Introduction

1.1 Problem Restatement

Consider a 150-200-year-old artillery piece (Figure 1) that fires a spherical projectile of diameter
11 cm and mass 5 kg. Determine the launch angle and muzzle velocity under the following
scenarios:

(D Gun and target are both at an elevation of 500 m, separated by a horizontal distance of 1200
m.

(2 The horizontal distance lies between 1000 and 1500 m; the gun and target are at different
elevations, and wind is present.

Additionally, provide a simplified procedure that enables an officer with basic mathematical

training to estimate the required launch angle and muzzle velocity rapidly without a calculator.

= S i l 7

figure 1 Dagu Fort (1841) ]

1.2 Background Research

Determining the projectile’s point of impact is a prototypical problem in exterior ballistics.
Although our focus is not directly on vintage artillery, the analytical and computational
techniques developed in this mature field are clearly instructive. This section therefore
undertakes a broad literature review and background survey to lay the groundwork for the

modeling that follows.
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1.2.1 Quadratic—drag model

Projectile impact prediction is a classical problem of exterior ballistics. Rather than ideal free-
flight motion, the projectile experiences aerodynamic drag; a commonly used model assumes a
drag magnitude proportional to the square of the speed. This model describes mid-to-high-speed
flight (particularly for large-caliber shells) effectively. Prior work shows that for low-elevation
trajectories where the horizontal component dominates, one can derive approximate closed forms
using the Lambert W function™. Chudinov and others systematically studied projectile motion in
a quadratic-drag medium, accounting for Mach-number dependence of the drag coefficient and
shape parameters, and constructed approximations for flight time, apogee, range, and the optimal

. C e .. [3]
launch angle across a wide range of initial conditions .

1.2.2 Vintage artillery and spin

By the mid-19th century, rifled barrels had matured and been widely deployed™’; our study
period coincides with these developments. Rifling imparts spin to the projectile, giving rise to the
Magnus force as well as spin-damping and rolling moments, all of which can perturb the
trajectory. Crosswinds, veering winds, and head/tail winds also introduce characteristic
disturbances.

As for sighting in early artillery, aiming devices were rudimentary (e.g., simple front and rear
sights or improvised fixtures aligned with stars and the barrel centerline). Muzzle velocity was
roughly adjustable by varying the propellant charge”’; although imprecise, we may reasonably

assume a continuously tunable range up to about 450 m/s.

1.2.3 Historical measurement capability

(1) Maps with known scales allow reasonably accurate measurement of horizontal separation.
(2) Topographic maps provide site elevations, hence the elevation difference between gun and
target.

(3) Wind speed and direction can be estimated from flags, smoke plumes, vegetation, or dust; a
simple handheld anemometer can also be employed. It is worth noting that in reality, people in

ancient times only measured wind directions parallel to the ground (such as southeasterly winds).
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1.2.4 Advances in numerical simulation

With modern numerical methods and CFD, research has increasingly combined high-fidelity
simulation with experiment—for example, calibrating CFD models for small-caliber bullets,
measuring muzzle-velocity decay, and correlating drag coefficients with bullet shape™®.
Comparative studies indicate that embedded RK4(5) solvers (RK45) achieve good accuracy for

artillery trajectories when paired with appropriate error control™.

In summary, we identify at least the following factors that must be considered:
(D aerodynamic drag proportional to the square of speed;

() the influence of wind speed and direction on the trajectory;

(3 the influence of projectile spin on the trajectory;

(@ air-density variation induced by altitude;

®) the relationship between Mach number and the drag coefficient;

(©® the limited adjustment precision of historical artillery platforms, which must be reflected in

practical recommendations.

Introducing the above parameters yields a system of ordinary differential equations, which we
solve numerically using Python ODE solvers in conjunction with the RK45 method. On the basis

of these numerical solutions, we then investigate the governing regularities.

1.3 Problem Analysis
The forces acting on the projectile are sufficiently complex that a stepwise modeling strategy is
advisable: start from a baseline model and then introduce realistic effects incrementally,

quantifying each contribution. Finally, distill the results into compact approximations usable in
the field.

Layer 1: Set the elevation difference to zero and consider only gravity and quadratic drag. For
each fixed range, one obtains a family of (angle, velocity) pairs capable of reaching the target.
We evaluate these pairs using three criteria—shortest flight time, largest terminal kinetic energy,
and minimal peak altitude—and select an optimal operating point. The baseline model is

deliberately simple and parameter-sparse, facilitating both integration and analysis.
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Layer 2: Include crosswind, which adds a lateral acceleration and turns the 2D (x—y) problem

into 3D (x—y-z); a small azimuthal correction to the aim is then required.

Layer 3: Include projectile spin and the Magnus force, which influences both vertical motion and
lateral drift.

Layer 4: Introduce elevation differences and repeat the above analyses to obtain new (angle,
velocity) curves as functions of the height offset h. These are assembled into lookup tables for

rapid use.Also,we will provide the fitted approximate solution to facilitate rapid calculation.

At each layer of the model, we present the corresponding equations of motion and numerical
solution procedure; in parallel, we conduct layer-wise comparisons to quantify the contribution
of each force to the range and impact-point error, thereby determining the level of simplification

acceptable for operational use or field estimation and the correction terms that remain necessary.
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figure 2 Analysis of Problem
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2 Assumption and Notation

21 Assumptions

(D Elevation, wind speed, and horizontal distance are measurable.
(2) Temperature and humidity are constant.

(3 No obstacles are present along the line of fire.

(@ Gravitational acceleration is 9.81 m/s.

(B Muzzle velocity is continuously tunable.

®In ancient times, when measuring wind speed, only the wind coming from the horizontal

direction was reported, and vertical wind was not taken into account.

2.2 Notations

table 1 Notations

Symbol Definition Numeric Value

r Position vector of the projectile

i Velocity vector of the projectile

A Cross-sectional area of the projectile

p Air density Depends on height
Cq Drag coefficient Depends on Mach number
Fo Drag force vector Opposes velocity direction
g Gravitational acceleration vector 9.81m/s?

Drag force vector(considering wind)
Fy Magnus force vector

Relative velocity vector

B0 Initial launch angle (0,90°)

Vo Initial velocity vector of the projectile Up to 450m/s
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3 Case I: Gun and Target at the Same Elevation
3.1 No Wind

Given a projectile of diameter D=11cm, and mass m=5kg, with air density at an elevation of

500m of p = 1.175kg/m3, let v denote the instantaneous speed and A = TD?/4A the frontal area
According to the literature ,the drag coefficient depends on the Mach.

Number Ma (normalized by the local speed of sound) :

Ma = Vl (equation 1)
Satisfies the following relation:
0.43 Ma < 0.3
Cy4=140.516 —0.625Ma + 1.085Ma? 0.3 Ma< 1.1 (equation 2)

1.247 — 0.101Ma + 0.008Ma*> 1.1 Ma 6.0

Vector Form of the Air Resistance Force:

Fp =— %pCdAVV (equation 3)
Kinematic Equations:
mi—: =— % PC4Avv + mg (equation 4)
Definition of the Damping Coefficient:
B= "Cg—:fz (equation 5)

Simplification of the Equation of Motion:

% =—Bvv+tg (equation 6)

VE|v|= /vi +vy (equation 7)

Relationship Between Displacement and Velocity:

Magnitude of Velocity:

—=v (equation 8)

System of Differential Equations Obtained:
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(dx _ —
E_V)UVXO - VOCOSGO

—=V, Vyo = Vosineo

(equation 9)

A
=
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Set = 1200,y = 0 to solve the initial value problem:vyand 6, are our target parameters.

This equation is transcendental and lacks an analytical solution; therefore, we employ numerical
computation methods, utilizing the RK45 algorithm and Python's ODE solver. The specific
procedure is as follows:

Based on the aforementioned system of first-order ordinary differential equations, we use
embedded fourth- and fifth-order solutions to compare and estimate errors, adaptively adjust the
step size, and combine preset accuracy tolerances (rtol=1e—5, atol=1e—7) with a maximum step
size (0.05 s) to balance accuracy and computational speed. The global truncation error

reaches O( #)(where h# is the set step size). By identifying the intersection point of the vertical
displacement and the target height, combined with linear interpolation, the precise range is
extracted.

Regarding the error of the RK45 algorithm, with h = 0.05s, the numerical truncation error
obtained through step-size convergence testing is < 0,7m, which is already a relatively accurate
value.

The following is referred to as the perceptual process, aimed at intuitively sensing the values of
physical quantities and establishing a physical understanding.

Set the initial velocity vo = 300m/s , and compare the motion trajectories with air resistance
(solid line) and without air resistance (dashed line) at launch angles of 30° ,45° , and 60° .

The curves shown in Figure 3 are obtained.

The fundamental insights that can be established are as follows:

(1) When air resistance is present, the range of the projectile is significantly reduced, from nearly
10,000 meters to approximately 3,000 meters.@)In the absence of air resistance, it is well known

L 2sin26 . . . . o
that the range x is given by = VOS: » Evidently, the maximum range is achieved at 6=45° .
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However, when air resistance is considered, the maximum range does not necessarily occur
at45° , a point also noted in multiple references [8, 9]

Projectile Trajectories: With vs Without Air Resistance
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figure 3 Analysis of Trajectories with and without Drag
Next, we investigate the relationship between maximum range, launch angle, and initial velocity
to further establish fundamental understanding. Adhering to the principle of controlling variables,
we keep the velocity constant while varying the launch angle to obtain the curve in Figure 4(a),
and keep the launch angle constant while varying the initial velocity to obtain the curve in Figure
3(b).
The following conclusions can be drawn from the figures:

(DThe greater the initial velocity, the farther the range

(@As the launch angle increases, the range first increases and then decreases, exhibiting an

extremum point (less than 45°), and the position of this extremum depends on the magnitude of
the initial velocity.

Based on the above observations, we can consider that for the two graphs in Figure 4, drawing a
vertical line at 1200 m parallel to the y-axis will intersect a family of curves, corresponding to a
series of (B, vo)combinations, This allows us to plot a 85 — vocurve, On this curve, the
projectile can always reach the target location. However, we need to select an optimalBpand v,
based on certain evaluation metrics.

10
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(a)With the initial velocity kept constant, the launch angle is varied.

Range vs Launch Angle (Different Initial Velocities)
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figure 4 Maximum Range Under Different Conditions
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Similarly, the RK45 algorithm is employed to solve this initial value problem. Initially,
without considering the variation in air resistance due to altitude changes (though the
maximum height reached by the projectile at different angles is computed), the results
shown in Figure 5 are obtained. The following conclusions can be drawn:

(DThe curve exhibits a U-shape, with the launch angle reaching an extremum
(approximately 40° ) at which the required initial velocity is minimized (around 100 m/s).
@The smaller the launch angle 6, the lower the maximum altitude the projectile can reach
(as low as approximately 17 m). When Bpapproaches 80 m/s, the maximum altitude can

reach up to 2 km. This lays the foundation for subsequent models that incorporate altitude
differences.

v0 vs theta for 1200m range (with max height annotations)
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figure 5 Launch Angle-Initial Velocity Curve at 500 Meters Altitude

Understanding this phenomenon is relatively straightforward: when vy, is sufficiently
large—comparable to the muzzle velocity of a handgun, which can reach 700 m/s [10],
similar in magnitude to the artillery's 450 m/s—the flight time is very short, and the
vertical drop is minimal. In this case, near-horizontal firing can effectively hit the target,
requiring only a very small angle (less than 5° ) to counteract the drop due to gravity.
Conversely, when 9 yis large, the horizontal velocity component is small, while the vertical

component is significant. This results in a longer flight time to reach the target,
necessitating a larger initial velocity.

12
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Considering that altitude affects air density, which in turn influences air resistance, we

examine the 0 5 — vycurves under different air density conditions. Based on previous
calculations, the projectile can reach a maximum altitude of 2 km. Referring to relevant
data, the variation of air density with altitude is obtained as follows:

table 2 Air Density at Different Altitudes

Altitudes (m) Air Density (kg/m?3)
500 1175
1000 112
1500 1.065
2000 1.013
2500 0.937

Selecting the same angle, the percentage deviation of the initial velocity is defined as:

. ViTV
Percentage Difference = —
Vo

where v, is the initial velocity at an altitude of 500 m, and v; is the initial velocity at other
altitudes. Through this percentage deviation, we can intuitively observe the impact of
altitude variation on the initial velocity.

(equation 10)

The resulting curve, shown in Figure 6, reveals the following:

(D For altitude variations within 500 m and launch angles 6 , less than 50° , the
percentage deviation in initial velocity is approximately 2%. Under practical conditions,
with an initial velocity of 300 m/s, this results in an absolute error of 6 m/s. However,
given the limited precision of historical artillery, this velocity deviation is negligible.

(2 When the altitude variation exceeds 500 m, the percentage deviation in initial velocity
can reach 5%, corresponding to an absolute error of 15 m/s. This indicates that altitude
variation has a significant impact on the projectile trajectory, necessitating consideration of
variable air density.

13
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Relationship between initial velocity and launch angle (with percentage difference)
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figure 6 Launch Angle-Initial Velocity Relationship at Different Altitudes

Similarly, we examine the influence of the drag coefficient on the projectile trajectory, as
shown in Figure 7. It is observed that, under the same conditions, when the launch angle is
less than 40° and the drag coefficient varies between 0.47 and 0.5, its effect on the initial
launch velocity is not significant.

For the 6 , — vycurve, determining the optimal launch angle requires consideration of the
following factors:

(D The flight time of the projectile. On the battlefield, speed is critical; the faster the target
can be engaged, the more effective the outcome.

(2 The lethality upon impact. Using the RK45 algorithm to calculate the velocity at impact,
the kinetic energy of the projectile is derived. Greater kinetic energy corresponds to higher
lethality.

(3 The ascent height of the projectile. Higher ascent leads to greater variations in air
resistance, making the actual trajectory more difficult to predict.

14
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Relationship Between Initial Velocity and Launch Angle, and Percentage Difference from the Standard Value (Cd=0.5)
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figure 7 Launch Angle-Initial Velocity Relationship at Cd

Integrating the parameters of flight time and kinetic energy at impact into the 0 ; — v, (X)
curve, the analysis reveals that an initial velocity of 450 m/s and a launch angle of 2.66°

achieve the maximum lethality (i.e., kKinetic energy), the shortest flight time, and the lowest
ascent height, resulting in the best overall performance.

Solving the model for x = 1200 m, the optimal launch angle and initial velocity are
determined to be 6,=2.66° and v,= 450 m/s. This outcome can be analogized to pistol
shooting, where direct aiming at the target achieves effective engagement.

15
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Relationship between initial velocity, flight time, and final kinetic energy at different launch angles (target distance 1200m, considering air resistance)

F 30

—&—_initial velocity
—e—| flight time
—&—| final kinetic energy
700 1
600 -
2
E 500 1
<
2
‘g
o
@
>
K] 400 A
.‘é
300 1
200 1
o] 10 20 30 40 50 60 70 80

theta 0 (°)

50

F 40

flight time (s)

F 20

F 10

F 140000

F 120000

F 100000

[ 80000

[ 60000

[ 40000

[ 20000

figure 8 The curves of flight time and landing kinetic energy varying with the launch parameters

3.2 Considering the Effect of Wind

final kinetic energy ())

After introducing wind, the model becomes more complex, necessitating the use of a three

-dimensional coordinate system, as illustrated in Figure 9.

¢

<b

figure 9 Three-dimensional coordinate system
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The essence of wind force lies in air resistance. Therefore, incorporating wind solely requires

modifying the air resistance term.

Let , denote the air resistance after introducing wind. The velocity should be replaced by the

relative velocity = ¢ — U, where u represents the wind velocity vector.
F = %CdpAVre] Vre] (equatiOH 11)
m% - mg.] - %CdpAVrel (Vv—u) (equation 12)
Viel = \/(VX - ux)2 + (Vy - uy)2 + (Vz - LlZ)2 (equation 13)

Final System of Differential Equations:

(% =
@ X
dy _
a Y
dz
v |
1 @ . (equation 14)
m m = 5 CdpA ' (Vx_ux) " Vel
dvy 1
m dt =—mg— 2 CdpA ' (Vy_uy) " Vil
dv, 1
1’1’1? -5 CdpA ' (Vz_uz) " Vel

According to literature, typical wind speeds range from 5 to 7 m/s (excluding severe
weather conditions).

An offset along the z-axis is observed, which implies that the horizontal launch angle alone
is insufficient to fully characterize the launch orientation. A correction angle must be
introduced. Let be defined as the angle between the initial velocity vector of the projectile
and the yoz-plane. When the target is reached, the offset along the z-axis is z. Given that z is
much smaller than the range x, is small, and the trajectory can be considered
approximately parallel to the xoy-plane. Thus:

B :f (equation 15)
With the introduction of a 5 m/s wind speed along the z-axis, the resulting offset in the z-

axisis as small as 2.1 m, corresponding to B = 0.0168. If the target object is sufficiently
large and considering the limited adjustment precision of historical artillery, this 2.1 m
offset may be considered negligible. However, as the launch angle increases, the z-axis

offset grows significantly, making the correction for B essential.

17
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Using an initial velocity of 450 m/s and a launch angle of 2.6196° , the difference

compared to the scenario without wind is 0.04°
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figure 10 Offset Caused by Wind in the Z-axis Direction
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The relationship between initial velocity and launch angle (noting the z-direction distance at landing)
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figure 11 Diagram of Launch Angle vs. Initial Velocity Considering Wind Speed

However, when 0, is relatively large, the offset in the z-direction becomes non-negligible. We
obtain a fitted relationship as follows:

2(8,) = 0.00068,° — 0.0726,° +2.8560, +2.15 (equation 16)

Thus, the formula for the offset angle is derived as:

B

Assuming the offset along the z-axis due to wind is proportional to the wind speed, and based on
the formula fitted for a wind speed of 5 m/s, the final expression is obtained as:

__ 0.000680>—0.0726%+2.850)+2.15

X

(equation 17)

B =L 0.00068)> —0.0728%+2.8580+2.15

s ” (equation 18)

3.3 Considering Spin

If the artillery is rifled, the projectile will spin along its axis of motion upon firing. In the presence
of wind, this spin generates a Magnus force, which subsequently influences the equations of
motion. The derivation proceeds as follows:

Fy = %pCL(S, Re, Ma)AVZ,n (equation 19)

19
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Where = I : Irepresents the direction of the Magnus force, and is the lift coefficient,

which depends on the shape parameter ,the Reynolds number ,and the Mach number

, Characterizing the aerodynamic properties. Here, = A =—

Moment of Inertia of a Sphere:
I= %mR2 (equation 20)
Aerodynamic Torque:
Ty =— %pCWAmVrel (equation 21)

Where s the drag coefficient, and the negative sign indicates that the torque acts opposite
to the direction of the angular velocity w (thus resisting rotation )

Cwy = 0.0122—‘VV (equation 22)
Equation of Rotational Motion:
lw =— %pCWAerel (equation 23)
To simplify the equations, we define a time-varying coefficient::
A(t) = WV(O (equation 24)
()=1 ()] be the time-varying magnitude of the relative velocity. The equation can be
rewritten as::
W =—Atw (equation 25)
Rewritten in integral form:
W(t) = Wy exp (— Ot A (T)dT) (equation 26)
If A(t)is treated as a constant, then::
W(t) = wyexp (—At) (equation 27)

.1 1
mV = mgj — 5 pCDAVreIVrel + E pCLAVi:]Il,
r=V, (equation 28)

lw=— %pCWAmVrel

The solution yields an initial velocity of 450 m/s and a launch angle of 2.7263° , which

differs by 0.06° from the case without wind.
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Finally, a comparison of three scenarios—considering only drag, incorporating wind
without spin, and incorporating both wind and spin—reveals that, similarly, when the
launch angle is less than 10° |, the effects of wind and spin on the projectile trajectory are

minimal. It is only at larger launch angles that wind and spin play a critical
role.

Comparison of Initial Velocity and Percentage Difference from Model 3

—e— Model 1 (Basic Resistance) -®- Model 1 vs Model 3 (%) ‘_
—=— Model 2 (Considering Wind Speed) -®- Model 2 vs Model 3 (%) _,'
—a— Model 3 (Considering the Magnus Force) )

500 + r10

400 7

P PR
@ =
£ 3
= o
> o -o—--0——0" s
@-—0--O - ——0--0—— O [
>  _e--e-@-—0— -8~ ——@-—0——O O
— &= L Y=
G 3007 m--m\ g ° 3
o - --m--g g g
= B--E--8 -y [0
[0 Blonit SR N o
> - g ©
— ~. =
,5 <
= ]
= v’
= -5 ‘q—)
200 4 2

* r—10
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0 1‘0 2‘0 3‘0 4‘0 5‘0 6‘0 7‘0
Launch Angle 6 (°)

figure 12 Comparison of Initial Velocity-Launch Angle Curves Under Three Conditions

3.4 Fitting for Horizontal Distance

In the absence of altitude difference, based on previous conclusions, using an initial velocity
of 450 m/s under near-horizontal firing conditions is optimal. Under such conditions, the
flight time is short, the vertical height variation is minimal, and the influences of wind and
projectile spin on the trajectory are negligible. Thus, the only variable is the horizontal

distance x. For a given x, withvyfixed at 450 m/s, the corresponding 6 o needs to be

determined. By plotting the 6 ; — x curve and fitting the data, the following relationship is
obtained:
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The relationship between range and launch angle (Fixed Initial Velocity: 450 m/s)
1500
1400 1
__ 1300 1
E
gi Fixed Initial Velocity: 450 m/s | Initial Spin Angular Velocity: 50 rad/s
% Wind Speed: x=5.0 m/s, z=8.0 m/s | Launch Height: 2 m
= 1200 1
1100 1
[Fitting Equation: x(8) = 0.42816"3 + -16.36860"2 + 282.32016"1 + 286.9091
1000 T T T T T T T
Q 2 4 6 8 10 12 14

Launch Angle(®)

figure 13 Launch Angle-Range Curve

x(8y) = 0.42818 0, + 16.36866 6,> +282.320106, +286.9091  (equation 29)

It can be observed that in the expression, the linear term dominates, with a percentage
error of 4%. Considering only the linear term:

x-286.9091 X
0= ~-211.016
282.32010 282

(equation 30)

4 Case with Altitude Differen

Without considering wind, the solution that accounts for height is obtained by changing the
boundary condition of the differential equation fromy = 0 to y = h. This yields the curve
shown in Figure 13. For each specific height, a corresponding 0 o — vgocurve can be
extracted. A series of data points (see Appendix) are sampled from these curves. For each
fixed height, a quadratic function is used for fitting, and the coefficient of determination

2js calculated. The results are presented in Table 3.

vo(8p) = AB,° +BB,> +CBy+D (equation 31)
table 3 Fitting Parameters at Different Heights
h (m) A B C D R?
0 0.0008 -0.083 3.42 405.6 0.9992
50 0.0012 -0.128 5.23 782.5 0.9991
-50 0.0006 -0.062 2.61 478.3 0.9993
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100 0.0015 -0.157 6.42 557.2 0.9990
-100 0.0004 -0.047 2.03 337.6 0.9994
200 0.0020 -0.205 8.53 393.4 0.9989
-200 0.0003 -0.036 1.52 238.5 0.9994

It is observed that in Equation 28, the constant term D dominates. We now fit D against h,
resulting in the following expression:

D(h) = 0.0042h*> — 0.315h + 428.7 (equation 32)

For parameters A, B, and C, which play secondary roles, average values are adopted. The
final formulation is as follows:

vo(8p,h) = 0.00108,° +— 0.1026 6,> + C4.258, + (0.0042h — 0.315h + 428.7)
(equation 33)

Substituting the data into the calculation yields an average percentage error of 2.23%,
indicating a good fitting effect.
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figure 14 Initial Velocity vs. Launch Angle Curve Considering Altitude
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The relationship between initial velocity and launch angle for different target heights (at x = 1200m)

700 1

600

8 3
8 8

initial velocity (m/s)
8
8

200 1

100

r
launch angle (° )

figure 15 Launch Angle vs. Initial Velocity Curves with Different Target Height

After introducing the height difference, the variable that determines the launch angle is no
longer x but h. The results of the fitted curve are shown in the figure below:

Relationship and Fitting between Target Height and Launch Angle when Initial Velocity is Fixed at 450 m/s

[initial height: 2 m | initial rotational angular velocity: 50 rad/s | weed speed: (5.0, 0, 8.0) m/s]

1500 -

[fitting formula: y = -2.12e-046* + 2.88e-026° + -1.15e+006? + 38.016 + -161.02]

1250 A

1000 -

750 -

500 -

2501

Height when reaching the target distance x (m)

1‘0 2‘0 3‘0 4‘0 Sb 6‘0 7‘0
launch angle (°)

figure 16 The relationship between the launch angle and the height
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h=—2.12x10740,*+2.86x10720,>+1.15x10°8,>+38.016,—161.02
(equation 34)
~ hr161.02 _ h

B0~ —gor —gegr 4236 (equation 35)

For greater rigor, we further analyze the model by introducing different horizontal
distances x. We still consider the initial velocity as 450 m/s, and the resulting curve is
shown in the figure below:

Relationship and Fitting between Launch Angle and Height at Different Target Horizontal Ranges

1750

fitting model y = a6* + be® + c62 + d + e . ' ok
(8 is the launch angle, and y is the height when reaching the target x)

b\

1250

1000

~
G
=]

u
]
S

Height when reaching the target distance x (Unit: m)

e raw data (x=1000m) raw data (x=1300m)
fitting curve (x=1000m) fitting curve (x=1300m)
e raw data (x=1100m) raw data (x=1400m)
fitting curve (x=1100m) fitting curve (x=1400m)
i e raw data (x=1200m) raw data (x=1500m)
= fitting curve (x=1200m) = fitting curve (x=1500m)
10 20 30 40 50 60 70

launch angle (°)

figure 17 The variation of the launch angle when considering both x and h

Considering two variables, the assumed equation is (where h is the height difference):
B(x,y) = ax® + bx?h + cxh? +dh® + eh? + fxh + gh? + hx +ih + ]

(equation 36)
The fitted coefficients are as follows:
coefficients Numerical values (scientific notation)
a 3.666228X10°
b 1.65455%X10®
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coefficients Numerical values (scientific notation)

c 2.815448 X108

d 4.2094 X10°

e —9.66329X10°

f —9.14915X10°

g —5.19690—05X 10°

h —1.51163X107?

i 1.42296 X 10"

j —7.17581X10°

Thus, a more sophisticated formula is obtained. However, this formula involves numerous
squared terms and is slow to calculate without a calculator. To address this, we propose
two methods:

Method 1: Lookup Table Method

For each specific combination of x (horizontal distance), h (height difference), and wind
conditions, a corresponding launch angle is provided. An example is given below, and the
complete table can be found in the appendix.

Method 2: Simplified Equation

We propose a simplified linear equation.Meanwhile, we consider the correction for wind
speed:

0=k0O+kl x+k2 h+k3 ux+k4 uz (equation 37)
coefficients Numerical values (scientific notation)
kO 1.67X10
k1 -7.52X103
k2 3.72X 102
k3 1.54 X102
k4 6.88 <104
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Given x=1200m, h=450m, ux =6m/s, and uz =9.5m/s:
Predicted angle from the sophisticated model: 25.2594

(absolute error: 0.43")
Predicted angle from the simplified model: 24.5615
(absolute error: 1.47°)

For large launch angles, this absolute error is negligible. Therefore, the simplified model
also maintains sufficient accuracy for practical applications.

5 Conclusion

1..In the horizontal direction, the initial velocity should consistently be set at 450 m/s. The
approximate expression for the launch angle is:

5 _ x-286.9091 _ x
0" 28232010 282

+1.016

2.When altitude is taken into account:
vo(8y,h) = 0.00100,> +— 0.1026 8,> + C4.256, + (0.0042h? — 0.315h + 428.7)
3.When wind is taken into account:
0=167+-752%x10-3 x+372%x10-2 h+154x10-2 ux+6.88x%x10-4 uz
4.When wind is considered, a lateral correction offset must be applied to the launch angle:

3 2
| 10.00066, —0.0720, +2850,+2.15

5 X

6 Advantages and Disadvantages Analysis
6.1 Advantages

(D The study provides a relatively comprehensive theoretical analysis along with
explanations consistent with practical intuition.

(@ The model is simplified where possible and offers multiple reference curves for artillery
officers, significantly reducing computational time.
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6.2 Disadvantages

(D The differential equations primarily admit only numerical solutions. Although cross-
verification has been conducted, analytical solutions are lacking for further validation.

@ A quantized analysis approach is adopted, providing curves for various scenarios.
However, explicit equations are not introduced for complex conditions. This limitation
stems from the constraint that artillery officers lack computational tools, and even if
equations were provided, they would be too complex to solve numerically in a short time
on the battlefield.
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Appendices

Appendices 1

Al Usage Report

Our team used Al for certain repetitive programming and translate tasks, while the
problem-solving approaches were independently developed by us without any
assistance from Al. The Al primarily utilizes Doubao and GPT-4.

Appendices 2

Introductin: Relationship between Initial Velocity and Angle (for Different Cd Values)

import numpy as np
from scipy. integrate import odeint
from scipy.optimize import root_scalar

import matplotlib. pyplot as plt

# —— YHESH —

g=9.8 # HIJNEE (n/s?)

x_target = 1200 # HEsAKFHEE ()

1 =2 # VIl ESE (), WIESEN 1xsin(theta)
m=5 # kR (kg)

r = 0.055 # Mk ()

rho = 1. 175 # FREE (kg/m’)

#— ITHEEE —

# 52 X 5 MANFEIRIEE ) £ %L Cd A

Cd values = [0.47, 0.5, 0.59, 0.65, 0.75]
#ORSTAIGE (00 2] 80° , AN L)
theta deg = np. linspace (0, 77.1, 30)
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B AEAEANE] Cd BN N RT3 i

all v0 solutions = []

# - BT —
for Cd in Cd values:
k = 0.5 % Cd * rho * np.pi * r¥k2

v0 solutions = []

for theta in theta deg:
theta rad = np.radians (theta)
hO = 1 * np. sin(theta rad)

def objective (v0) :
vOx = v0 * np. cos (theta rad)
vOy = v0 * np.sin(theta rad)
initial state = [0, hO, v0x, vOy]

def dynamics(state, t):
X, ¥y, VX, vy = state
v = np. sqrt (vx*k2 + vy*k2)
ax = —(k/m) * v * vx
ay = —g — (k/m) * v % vy

return [vx, vy, ax, ay]

# PAl AT [E]

t fall est = (vOy + np.sqrt(vOy=x2 + 2%gxh0)) / g if vO0y > 0 else
np. sqrt (2xh0/g)

t = np. linspace(0, t fall est * 1.5, 2000)

trajectory = odeint (dynamics, initial state, t)
y pos = trajectoryl:, 1]

X _pos = trajectoryl:, 0]

landing mask = np.where(y pos <= 0) [0]
if len(landing mask) == 0:
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return lel0

else:
landing idx = landing mask[0]
actual x = x pos[landing idx]

return actual x — x_target

# KO

v_low, v_high = 100, 450

try:
sol = root scalar(objective, bracket=[v low, v high], method= bisect’)
v0 solutions. append (sol. root)

except:

v0 solutions. append (np. nan)

all v0 solutions. append(v0 solutions)

# — Ky —
plt. figure(figsize=(12, 7))

# — 1. £#HEKE: v0 vs theta —
axl = plt.geca() # FREL AT
markers = ["o’, ’s’, 777, ’D’, 'p’]

colors = plt.cm. viridis(np. linspace (0, 1, len(Cd values))) # 13/ &ut i

# APt EZ 5, T B

linesl = []

for i, (Cd, color) in enumerate(zip(Cd values, colors)):
v0 solutions = np.array(all vO solutions[i])
valid mask = “np. isnan(v0 solutions)
theta valid = theta degl[valid mask]

v0 valid = v0 solutions[valid mask]

if len(theta valid) > 0:
# REAFRICHRAE(A Cd=0. 5
linestyle = =" if Cd != 0.5 else ~—’
linewidth = 2.5 if Cd == 0.5 else 2
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line, = axl.plot(theta valid, vO valid, f {markers[i]}{linestyle}’
color=color, linewidth=linewidth, markersize=6,
label=f"Cd = {Cd}’)
linesl. append (line)

axl. set xlabel ( Launch Angle $\\theta$ (° )’, fontsize=12)

axl.set ylabel ( Initial Velocity $v 0$ (m/s)’, color="black’, fontsize=12)

axl. tick params(axis="y’, labelcolor="black’)

axl.set title(f’Relationship Between Initial Velocity and Launch Angle, and
Percentage Difference from the Standard Value (Cd=0.5)", fontsize=14)

axl. grid(True, linestyle="—", alpha=0.7)

# — 2. ZHEIK: "4 % vs theta —
ax2 = axl.twinx () # GUZEILZE X #HAOSE AN Y Bl

# RBFRAEME Cd=0. 5 HIEHE R I IR RLH vO i 2H
base Cd = 0.5
base index = Cd values. index (base Cd)

base v0 solutions = np.array(all vO solutions[base index])

lines2 = []
for i, (Cd, color, marker) in enumerate(zip(Cd values, colors, markers)):
if Cd == base Cd:
continue # BhidARHE(E A &

v0 solutions = np.array(all v0O solutions[i])

# HEasZE, JAXNAEREIETE
valid mask = “np. isnan(v0 solutions) & “np.isnan(base v0 solutions)

if not np.any(valid mask) :

continue # WIHBHE A MEHE &, Wk

theta valid = theta degl[valid mask]
percent diff = ((vO solutions[valid mask] — base v0 solutions[valid mask]) /

base v0 solutions[valid mask]) * 100
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# il E 2t 2k, A A 3 A R R S BN [ Y 2 7
line, = ax2.plot(theta valid, percent diff, f’ {marker}:’,
color=color, linewidth=2, markersize=6, label=f Cd={Cd} vs
Cd={base _Cd}”)
lines2. append (line)

ax2. set _ylabel (f Percentage Difference from Cd={base Cd} (%)’, color= darkred’,
fontsize=12)
ax2. tick params(axis="y’ , labelcolor="darkred’ )

ax2. axhline (y=0, color="gray’, linestyle="——") # ¥/l O%FEHELL

¢ 3 AIFEE
linesl. extend (1ines2)
labels = [line. get label () for line in lines1]

axl. legend(linesl, labels, loc="upper center’, fontsize=10)

plt. tight layout () # HEAMF, BiilbirZES
plt. show()

Appendices 3

Introductin: Relationship between Initial Velocity and Angle (Including Final Velocity
and Motion Time)

import numpy as np
from scipy. integrate import odeint
from scipy. optimize import root_scalar

import matplotlib. pyplot as plt

# MELSH O AR SRR L 58D

g=29.8 # EIIIEE (n/s?)

x_target = 1200 # Hip/KPHEE (n)

1 =2 # VMG E S (), WIGEEEEA 1xsin(theta)
m=5 # Mk (kg)

r = 0.055 # UkEE ()

rho = 1.175 # HREE (kg/m*)

Cd = 0.47 # PR (BRIEY AR AE )

k = 0.5 % Cd * rho * np.pi * rkx2 # ZT5[H N REFILIN
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# ORSHHTEHE (107 2 80° , S Hk A D
theta deg = np. linspace (0, 80, 30)

v0 solutions = []

(1 # fitizsh St a
final _kinetics = [] # fFiimZ3NRE

flight times

for theta in theta deg:
theta rad = np. radians (theta)
# WIGEERE: hO = I*sin(theta)
hO = 1 * np. sin(theta rad)

#oE X HRERE: £(v0) = SEFR/AKFREES - HAREEE 1200m

def objective (v0):
# O EATE L
v0x = v0 * np. cos(theta rad)
v0y = v0 * np. sin(theta rad)
# WIRIRE [x, v, vx, vyl
initial state = [0, hO, vOx, vOy]

# B iR
def dynamics(state, t):

X, y, VX, vy = state

v = np. sqrt (vxsk2 + vykk2)  # HE KN

#onEE (BREESEESD
ax = —(k/m) * v * vx # JKPIIEEE

ay = —g — (k/m) * v * vy # REMNEE

return [vx, vy, ax, ay]

# TS RAT I A (R (A 4D

# AT REFREsh MR G SBE 1D
t fall est = (vOy + np. sqrt (vOy*k2 + 2%gxh0)) / g # Y&HBI [E)4ih5
t = np. linspace(0, t fall est * 1.5, 2000)

# KRizsh iR

trajectory = odeint (dynamics, initial state, t)

y pos = trajectoryl:, 1] # RENE

B 1.5 IR o
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Xx_pos = trajectoryl:, 0] # /KPHAE
vx = trajectoryl:, 2] # K
vy = trajectoryl:, 3] # R E I

# ARIEHZ] CE IR y<=0 K TED
landing mask = np.where(y pos <= 0) [0]
if len(landing mask) == 0:
# AARVEH, REIEE (RRFHREE KR vO)
return 1el0, 0, 0 # FFMRIE] 0 1 TC RIS A MI B g
else:
landing idx = landing mask[0]
actual x = x pos[landing idx]
flight time = t[landing idx] # i&zhEK 8
final v = np.sqrt(vx[landing idx]#**2 + vy[landing idx]®* 2) # JRIBI
T E RN
final ke = 0.5 * m * final v*%2 # BZ&BIEE ()

return actual x — x_target, flight time, final ke

# MRV vO MG (IR H bR R EEX B N AR5 )
v low = 100 # WIUGFEI IR

v_high = 500 # HI4HIEN 1R

f low, , = objective(v low)

f high, , = objective(v high)

# AR RXIE, HRA R
while np. sign(f low) == np.sign(f high):
v high %= 1.5 # ¥ K LR

f high, , = objective(v high)
if v high > 5000: # iRy K
break

# KR vO IR RS
if np.sign(f low) != np.sign(f high):
try:
# ZVERAETIRE: objective (v0) = 0
sol = root scalar(lambda v: objective(v) [0], bracket=[v low, v high],
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method="bisect’)

v0 solutions. append (sol. root)

# LA IE BN LR IS Bl ) 24 B R
~, flight time, final ke = objective(sol. root)
flight times. append(flight time)
final kinetics. append(final ke)
except:
v0 solutions. append (np. nan)
flight times. append (np. nan)
final kinetics. append (np. nan)
else:
v0 solutions. append (np. nan)
flight times. append (np. nan)

final kinetics. append (np. nan)

# R

v0 solutions = np.array(v0 solutions)

flight times = np.array(flight times)

final kinetics = np.array(final kinetics)

valid mask = “np. isnan (v0 solutions) & “np. isnan (flight times) &
“np. isnan(final kinetics)

theta valid = theta degl[valid mask]

v0 valid = v0 solutions[valid mask]

time valid = flight times[valid mask]

ke valid = final kinetics[valid mask]

# g R - R Y fh
if len(theta valid) > 0:
fig, axl = plt.subplots(figsize=(12, 7))

# exl PR 2 (A2 Y HiD

color =’ tab:blue’

axl. set xlabel C theta $\\theta$ (° )’)

axl. set _ylabel C initial velocity $v 0$ (m/s)’, color=color)

axl.plot(theta valid, v0 valid, " bo—", linewidth=2, markersize=b,
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label="initial velocity’)
axl. tick params(axis="y , labelcolor=color)

axl. grid(True, linestyle="——", alpha=0.7)

# QUMY BhH T RO RAT I TR AN R 2 B e

ax2 = axl.twinx ()

# RATINE] (2Lt

color time = ’tab:red

ax2.plot (theta valid, time valid, “ro—, linewidth=2, markersize=h,
label="flight time’)

ax2. set _ylabel ( flight time (s) ’, color=color time) # FLZE Y Hlitr2s

ax2. tick params(axis="y’ , labelcolor=color time)

# A&Ee (SR, RGN AD

ax3 = axl. twinx ()

color ke = ’tab:green’

# (we A ahor B, B S

ax3. spines[’ right’ ]. set position(( outward’, 60))

ax3.plot(theta valid, ke valid, 'go—’, linewidth=2, markersize=5, label=" final
kinetic energy’ )

ax3. tick params(axis="y , labelcolor=color ke)

ax3. set_ylabel C final kinetic energy (J)’, color=color ke)

B VN INAR A

plt. titleC Relationship between initial velocity, flight time, and final
kinetic energy at different launch angles (target distance 1200m, considering air
resistance)’)

lines, labels = axl.get legend handles labels()

lines2, labels2

lines3, labels3 = ax3.get legend handles labels()

ax2. get legend handles labels()

axl. legend(lines + lines2 + lines3, labels + labels2 + labels3, loc= best’)

fig. tight layout() # AR ILIREEZS
plt. show()

else:

print ("RKIERUE, HHESH AT 808D x_target) JaER. )
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Appendices 4

Introductin: Relationship between Initial Velocity and Angle

import numpy as np
from scipy. integrate import odeint
from scipy. optimize import root_scalar

import matplotlib. pyplot as plt

# MELSH O AR SRR L 58D

g =298 # HITIMEE (n/s?)

x_target = 1200 # Hip/KPHEE (n)

1 =2 # MRS S (), VIMEEN 1ksin(theta)
m=5 # MEiE (ke

r = 0.055 # UkEE ()

rho = 1.175 # HREE (kg/m*)

Cd=0.5 # BHIRE GRS RMED

k = 0.5 % Cd * rho * np.pi * 2 # Z5[H N RE TN

# ORSHATERE (0° 2 80° , G E)
theta deg = np. linspace (0, 77.1, 30)

v0 solutions = []

for theta in theta deg:
theta rad = np. radians (theta)
# WIGEEEE: hO = I*sin(theta)
hO = 1 * np. sin(theta rad)

# 8 LHRRE: £(v0) = LPr/AKFEEES - HAREER 1200m
def objective (v0):

# PRI

v0x = v0 * np. cos (theta rad)

vOy = v0 * np. sin(theta rad)

# WIERE [x, v, vx, vyl

initial state = [0, hO, vOx, vOy]

# € BB i e

def dynamics(state, t):
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X, ¥, VX, Vy = state

v = np. sqrt (vx#k2 + vy*k2) # B KN
# IEEE (EREAESEID

ax = —(k/m) * v * vx # JKPHEE

ay = g — (k/m) * v & vy # WEINEEZ

return [vx, vy, ax, ay]

# UG RATIS R CRA DRV A 7% D

# TR ET B iR (g S

t fall est = (vOy + np. sqrt (vOy*k2 + 2%gxh0)) / g # V&HBI [E)4ih5
t = np. linspace (0, t fall est * 1.5, 2000) # #EK 1.5 EFMHEES

# Rfpiesh e

trajectory = odeint (dynamics, initial state, t)
y pos = trajectoryl:, 1] # RENE

x_pos = trajectory[:, 0] # /KA &

# EHRVEHIN Z] (IR y<=0 Ky a])

landing mask = np.where(y pos <= 0) [0]

if len(landing mask) == 0:
# AARVEH, REIEE (GRRFHRETE R vO)
return lel0

else:
landing idx = landing mask[0]
actual x = x pos[landing idx]

return actual x — x_target # HFRERE: iRZE=SEPrIEE-HARIEE

# MRV vO YR (IR H bR R EEX B A AR5 )
v low = 100 # WIUGFEI IR

v_high = 450 # HI4HIEN R

f low = objective(v_low)

f high = objective(v high)

# AR RXE, BRA R
while np. sign(f low) == np.sign(f high):
v _high %= 1.5 # ¥ K LR
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f high = objective (v high)
if v_high > 5000: # PHIELERY K
break

# Kfi#E vO
if np.sign(f low) !'= np.sign(f high):
try:
# ZEUOREHFE: objective(v0) = 0
sol = root scalar(objective, bracket=[v low, v high], method="bisect’)
v0 solutions. append (sol. root)
except:
v0 solutions. append (np. nan)
else:

v0 solutions. append (np. nan)

# ks R

v0 solutions = np.array(v0 solutions)
valid mask = “np.isnan(v0 solutions)
theta valid = theta deg[valid mask]

v0 valid = v0 solutions[valid mask]

# a5 R
if len(theta valid) > O:

plt. figure (figsize=(10, 6))

plt.plot(theta valid, vO valid, 'bo—", linewidth=2, markersize=b)

plt. xlabel  theta $\\theta$ (° )’)

plt.ylabel C initial velocity $v 0§ (m/s)’)

plt. title (f’ Relationship between $v 0§ and launch angle $\\theta$} for a
horizontal ranger of 1200 meters(considering air resistance)’)

plt. grid(True, linestyle="--", alpha=0.7)

plt. show()

else:

print ("ARIKBGREE, EIHESE (NEK 1 808/ x_target) JRHEK. )

Appendices 5

Introductin: Relationship between Initial Velocity and Angular Velocity (under Different Air Densities)
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import numpy as np
from scipy. integrate import odeint
from scipy. optimize import root_scalar

import matplotlib. pyplot as plt

# VSR Ol R SERR L R 5O

g=9.8 # EIEE (n/s?)

X _target = 1200 # HIr/KFPEE (n)

1 =2 # VIR RS (), WIS 1ksin(theta)
m=5 # MiEpE (kg)

r = 0.055 # UikEE ()

rho = 1.175 # wEE (kg/m*)

Cd = 0.47 # B RE (BRIEY AR AE D

k = 0.5 % Cd * rho * np.pi * r&x2 # 25 [H )1 RBHALTR

# RSHMIEE (0° B 80° , AR A
theta deg = np. linspace (0, 77.1, 30)
v0 solutions = []

kinetic_energies = [] # A& ahRe

for theta in theta_deg:
theta rad = np.radians(theta)
# WL EE: h0 = 1*xsin(theta)
hO = 1 * np. sin(theta rad)

#OESCHIRREG £(v0) = KRR - HARHE 1200m
def objective (v0):

# O EATE L

v0x = v0 * np. cos(theta rad)

v0y = v0 * np. sin(theta rad)

# MRS [x, v, vx, vyl

initial state = [0, hO, vOx, vOy]

# E isshisy e
def dynamics(state, t):

X, y, VX, vy = state
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v = np. sqrt (vx#k2 + vyek2) # HE KN
# IEEE (EREAESEID

ax = —(k/m) * v * vx # JKPh0idk AL

ay = —g — (k/m) * v * vy # RWENEE

return [vx, vy, ax, ay]

# PR TRAT I TR CHf DRV D

# HTREITMEE R CRBS SR

t fall est = (vOy + np. sqrt (vOy**2 + 2%g*h0)) / g # J%HLI[E]{HE
t = np. linspace (0, t fall est * 1.5, 2000) # #EK 1.5 EFMHEES

# KRfpizsh T RE

trajectory = odeint (dynamics, initial state, t)
y pos = trajectoryl:, 1] # BREANE

x_pos = trajectoryl:, 0] # /KP{E

# ARIEHZ] CE IR y<=0 K TED

landing mask = np.where(y pos <= 0)[0]

if len(landing mask) == 0:
# FARVEH, REIEE (RRFHRETE R v0)
return lel0

else:
landing idx = landing mask[0]
actual x = x pos[landing idx]

ND

return actual x — x_target # HFRERE: iRZE=SEPrIEE-HARIEE

# HRYDELE vO FVE L (HRER H A% ek U X B A A2 5
v _low = 100 # WJUEHEI TR

v_high = 450 # F4R%FI LR

f low = objective(v low)

f high = objective(v high)

# DA R RXIE, HORA W

while np. sign(f low) == np.sign(f high):
v_high #= 1.5 # ¥ K ER
f high = objective (v high)
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if v high > 5000: # BjiETCIRYK
break

# K vO JHiH RIS MU B RE
if np.sign(f low) != np.sign(f high):
try:
# ZVERAETIRE: objective (v0) = 0
sol = root scalar(objective, bracket=[v low, v high], method="bisect’)
v0 = sol. root

v0 solutions. append (v0)

# BB B LUK B b R
vOx = v0 * np. cos(theta rad)
v0y = v0 * np. sin(theta rad)
initial state = [0, hO, vOx, vOy]

def dynamics(state, t):
X, y, VX, vy = state
v = np. sqrt (vxEk2 + vykk2)
ax = —(k/m) * v * vx
ay = —g — (k/m) * v * vy

return [vx, vy, ax, ay]

t fall est = (vOy + np. sqrt (vOy**2 + 2%gxh0)) / g
t = np. linspace(0, t fall est * 1.5, 2000)
trajectory = odeint (dynamics, initial state, t)

y pos = trajectoryl:, 1]

landing mask = np.where(y pos <= 0) [0]

landing idx = landing mask[0]

# SREUTE RO R R 5 3EE (Ek = 0.5 * m * v?)
vx_land = trajectory[landing idx, 2]
trajectory[landing idx, 3]

vy land
v _land = np. sqrt(vx land**2 + vy land*2)
ek = 0.5 % m * v_land#**2

kinetic energies. append (ek)
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except:
v0 solutions. append (np. nan)
kinetic energies. append (np. nan)
else:
v0 solutions. append (np. nan)

kinetic energies. append (np. nan)

# R ICAE

v0 solutions = np.array(v0 solutions)

kinetic energies = np.array(kinetic energies)

valid mask = “np. isnan(v0 solutions) & “np. isnan(kinetic energies)
theta valid = theta deg[valid mask]

v0 valid = v0 solutions[valid mask]

ke valid = kinetic energies[valid mask]

# iR
if len(theta valid) > O:
fig, axl = plt. subplots(figsize=(10, 6))

# VI A e

color = " tab:blue’

axl. set xlabel C theta $\\theta$ (° )’)

axl. set _ylabel C initial velocity $v 0$ (m/s)’, color=color)

axl.plot(theta valid, v0 valid, " bo—, linewidth=2
label="initial velocity’)

axl. tick params(axis="y , labelcolor=color)

axl. grid(True, linestyle="——", alpha=0.7)

# B Ok 2 1 5 e b 42

ax2 = axl. twinx ()

color = " tab:red

ax2. set ylabel C final kinetic energy (J)’, color=color)

ax2.plot (theta valid, ke valid, “ro—, linewidth=2,
label="final kinetic energy’ )

ax2. tick params(axis="y , labelcolor=color)

markersize=5,

markersize=5,
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B IS0 R 5]

plt. title(C The Relationship Between Initial Velocity and Landing Kinetic
Energy at Different Launch Angles (Range of 1200 Meters, Considering Air
Resistance)’)

linesl, labelsl = axl.get legend handles labels()

lines2, labels2

axl. legend(linesl + lines2, labelsl + labels2, loc="best’)

ax2. get legend handles labels ()

fig. tight layout() # HEAH
plt. show()

else:

print ("RIKBG R, EIHESE (EK 1 808/ x_target) JRHEK. )

Appendices 6

Introductin: Relationship between Initial Velocity and Angular Velocity (under
Different Air Densities, with Error Bars)

import numpy as np
from scipy. integrate import odeint
from scipy. optimize import root scalar

import matplotlib. pyplot as plt

# o SOTHE AR rho AT v0 5 theta KARMBRE (SZATHHE, HAAHR)
def calculate v0 theta(rho value):

g =98 # HIMEE (n/s*)
x_target = 1200 # HIs/KFHEE ()
1=2 # WiEmEESH (n)
m=5 # Yk miE (kg)

r = 0.055 # MkFE (n)

Cd = 0.47 # P RE

k = 0.5 % Cd * rho value * np.pi * r*x2 # ZS[H/1 &%

theta deg = np. linspace (0, 80, 30)

v0 solutions = []

for theta in theta deg:

theta rad = np. radians (theta)
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hO = 1 * np. sin(theta rad)

def objective (v0) :
vOx = v0 * np. cos(theta rad)
vOy = v0 * np.sin(theta rad)
initial state = [0, hO, vOx, vOy]

def dynamics(state, t):
X, ¥, VX, vy = state
v = np. sqrt (vxEkk2 + vydek2)
ax = —(k/m) * v * vx
ay = —g — (k/m) * v * vy

return [vx, vy, ax, ay)]

t fall est = (vOy + np. sqrt (vOy**2 + 2%gxh0)) / g
t = np. linspace(0, t fall est * 1.5, 2000)
trajectory = odeint (dynamics, initial state, t)

y pos = trajectoryl:, 1]

X _pos = trajectoryl:, 0]

landing mask = np.where(y pos <= 0)[0]
if len(landing mask) == 0:
return lel0
else:
landing idx = landing mask[0]
actual x = x pos[landing idx]

return actual x — x_target

v_low = 100
v_high = 450
f low = objective (v low)

f high = objective (v high)

while np. sign(f low) == np.sign(f high):
v_high *= 1.5
f high = objective(v high)
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if v_high > 5000:
break

if np.sign(f low) != np.sign(f high):
try:
sol = root scalar(objective, bracket=[v_ low,
method="bisect’)
v0 solutions. append (sol. root)
except:
v0 solutions. append (np. nan)
else:

v0 solutions. append (np. nan)

v0 solutions = np.array(v0 solutions)
valid mask = “np.isnan(v0 solutions)

return theta deg[valid mask], v0 solutions[valid mask]

#ENSHAFER
rho values = [0.937, 1.013, 1.065, 1.120, 1.175]
styles = [(b", "0"), Cg, "s"), Cr’, 7 77), (c, 'd), Cy, 'x)]

# iHE A 4R

results = {}

for rho in rho values:
theta, v0 = calculate v0 theta(rho)
results[rho] = (theta, v0)

# IRECPRAE i 2 Hoi
ref rho = 1.175

ref theta, ref v0 = results[ref rho]

# QI I AN A b
fig, axl = plt.subplots(figsize=(12, 7))

# o gk

for i, rho in enumerate (rho values):

v_high],
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theta, v0 = results[rho]
if len(theta) > O:
color, marker = styles[i]
axl.plot(theta, v0, f’ {color}-{marker}’,
linewidth=2, markersize=5

label=f’rho = {rho} kg/m*’)

# WE F PR

axl. set xlabel ( theta $\\theta$ (° )’, fontsize=12)

axl. set ylabel C initial velocity $v 0$ (m/s)’, fontsize=12)
axl.set title( Relationship between initial velocity and launch angle (with
percentage difference)’, fontsize=14)

axl. grid(True, linestyle="——", alpha=0.7)

# B TFEGNER A A X ABFr RS (0,00 A A, (4, DA4AERA
axl. legend(title="air density’ , fontsize=10,

loc="upper left’, bbox to anchor=(0, 0.72))

# QA ] A b
ax2 = axl. twinx ()

ax2. set ylabel ( Percentage Difference (%), fontsize=12, color=" purple’)

# ITHEISHIH S E
for i, rho in enumerate (rho values):
if rho == ref rho:

continue

theta, v0 = results[rho]
color, marker = styles[i]
valid theta = []
percent diff = []

for t, v in zip(theta, vO0):
if ref theta.min() <= t <= ref theta.max():
ref v = np. interp(t, ref theta, ref v0)
diff = (v — ref v) / ref v * 100
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valid theta. append (t)
percent diff. append (diff)

if valid theta:
ax2.plot(valid theta, percent diff, f {color}——", linewidth=1.5,
label=f’ {rho} vs {ref rho}’)

# V| AL B B SR S X
ax2. legend (title="Percentage Difference’, fontsize=8,

loc="upper left’, bbox to anchor=(0, 0.85))

ax2. tick params(axis="y’ , labelcolor="purple’)
plt. tight layout()
plt. show()

Appendices 7

Introductin: Relationship between Initial Velocity and Angular Velocity (Including Maximum Height)

import numpy as np
from scipy. integrate import odeint
from scipy. optimize import root scalar

import matplotlib. pyplot as plt

# WS CaTIRYE SEPRIG DL R B

g =9.8 # HIEE (n/s?)

x_target = 1200 # HEAKFHEE ()

1=2 # WIEREESH (), VIS Dksin(theta)
m=5 # MiEmE (kg

r = 0.055 # Uik ()

rho = 1.175 # wAEE (kg/m*)

Cd = 0.47 # PR (BRIEY AR AUE )

k = 0.5 % Cd * rho * np.pi * r&x2 # Z5S[H ) REHALITR

# RHTAYEREL (00 3 80° , kAR D
theta deg = np. linspace (0, 77.1, 30)
v0 solutions = []

max_heights = [] # FFERFAN XTI 1) B K i B
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for theta in theta deg:
theta rad = np.radians(theta)
hO = 1 * np.sin(theta rad) # FEEEE

# 8 LHRRE: £(v0) = Lhr/AKFEEE - HAREER 1200m
def objective (v0):

v0x = v0 * np. cos(theta rad)

v0y = v0 * np. sin(theta rad)

initial state = [0, hO, vOx, vOy]

# & BB T
def dynamics(state, t):
X, y, VX, vy = state
v = np. sqrt (vx#k2 + vy*k2)
ax = —(k/m) * v * vx
ay = —g — (k/m) * v * vy

return [vx, vy, ax, ay]

# Tk AT A
t fall est = (vOy + np. sqrt (vOy*%2 + 2%g*h0)) / g
t = np. linspace(0, t fall est * 1.5, 2000)

# KRRz TR

trajectory = odeint (dynamics, initial state, t)
y _pos = trajectoryl:, 1]

x _pos = trajectoryl:, 0]

# AR %)
landing mask = np.where(y pos <= 0) [0]
if len(landing mask) == 0:
return lel0
else:
landing idx = landing mask[0]
actual x = x pos[landing idx]

return actual x — x_target
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# HRYIESE v KIS

v _low =

100

v_high = 450

f low = objective(v low)

f high = objective(v high)

# ZhA AR R X[

while np. sign(f low) == np.sign(f high):
v_high *= 1.5
f high = objective (v high)
if v_high > 5000:

break

# SR VO R B = E
if np.sign(f low) != np.sign(f high):

try:

sol = root scalar(objective, bracket=[v low, v high], method= bisect’)

v0 solutions. append (sol. root)

# TSR T R

v0x = sol.root * np. cos(theta rad)

v0y = sol.root * np.sin(theta rad)

initial state = [0, hO, vOx, vOy]

# ERTTH S AL DRI K

def dynamics max(state, t):

X, ¥y, VX, Vy = state
v = np. sqrt (vx*k2 + vy*x2)
ax = —(k/m) * v % vx

ay = —g — (k/m) * v * vy

return [vx, vy, ax, ay]

t fall est

= (vOy + np. sqrt (vOy#x2 + 2%g*h0)) / g

t = np. linspace(0, t fall est * 1.5, 2000)

trajectory = odeint (dynamics max, initial state, t)
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y pos = trajectoryl:, 1]
max_height = np.max(y pos) # #FKAIHFKEE

max_heights. append (max_height)

except:
v0 solutions. append (np. nan)
max_heights. append (np. nan)
else:
v0 solutions. append (np. nan)

max_heights. append (np. nan)

# ks AR

v0 solutions = np.array(v0 solutions)
max_heights = np. array(max heights)
valid mask = “np.isnan(v0 solutions)
theta valid = theta deglvalid mask]
v0 valid = v0 solutions[valid mask]

heights valid = max heights[valid mask]

# RIS IR
if len(theta valid) > 0:
plt. figure (figsize=(12, 7))
plt.plot(theta valid, vO valid, 'bo—", linewidth=2, markersize=b)

# R AN BROK S AR
for i in range(len(theta valid)):
plt. annotate (f’ h=t{heights valid[i]:. 1f}m’,
(theta valid[i], vO valid[i]),
textcoords="offset points”,
xytext=(0, 10), # SCAMXTT AR E
ha=" center’,
fontsize=8,
bbox=dict (boxstyle="round, pad=0. 3", fe="white”,
alpha=0.7))

plt.xlabel C theta $\\theta$ (° )’)

_” ”
ec="gray ,
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plt.ylabel C initial velocity $v 0$ (m/s)’)
plt.title(f’v0 vs theta for 1200m range (with max height annotations)’)

plt. grid(True, linestyle="——", alpha=0.7)
plt. tight layout ) # VA%EAR /BT ILARTER AN
plt. show()

else:

print ("RKIGRUE, HHESH AT 808D x_target) JaER. )

Appendices 8

Introductin: Relationship between Angle and Initial Velocity (Including Running Time and Final Kinetic
Energy)

import numpy as np
from scipy. integrate import solve ivp

import matplotlib. pyplot as plt

# VHESHWE GERH&M
rho = 1. 175 # FREE, kg/m 3
r = 0.055 # OERFAE, m
m=5 # ERBUE, kg
g=09.8 # EJJINEEE, w/s 2
Cd =0.4 LIPS
Cm = 0.2 # %S R4
Cw = 0.015 # BRASIEE RE GEFEED
7z =8.0 # oz TR, w/s CE=IE 2z #OET W, S=RO50D

1 sin theta = 2 # ¥JHBBEEE, m (1sinb)
target x = 1200 # Hir/AKFHE, m
omegal = 150 #WIIEEEAEE (B x D , rad/s (ZRfE KM 50)

# IRAESH

A = np.pi * T2 # WXEA, m
= (2/5) * m * k2 # HEME, kgem 2
v0 range = (80, 1000) # YR EHRIEE, n/s
tol = 0.5 # WREIRERZE, n
t# ZUERN AT T RR (B IE SRS )

def ode 3d(t, y, v0, theta):
YT -HE MG M TR vy = [vx, vy, vz, omega, x, vy, 2]
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VX, Vy, Vz, omega, X, Yy _pOS, zZ =y

# 1 MR XA 2 Bl

v_rel x = vx

v rel y = vy
v.rel z = vz — uwz

V = np.sqrt(v_rel x*%2 + v rel y#k2 + v rel z¥*2)
if V< le6:

V = le-6

# 2. FAMEN

Fdx = -0.5 * Cd * rho * A % V * v_rel x
Fdy = =0.5 % Cd * rho * A % V * v _rel y
Fdz = -0.5 % Cd * rho * A * V *x v rel z

# 3. LSS (MBIE: #h7E X 1)
0.0 # xBTS/

Fmy = —=0.5 * rho * A * Cm * omega * r * v _rel z

Fmx

Fmz = 0.5 * rho * A * Cm * omega * r * v rel y

# 4. PRI E

(Fdx + Fmx) / m

ay = (Fdy + Fmy — m * g) / m
(Fdz + Fmz) / m

ax

az

# 5. H¥EMMERE

alpha omega = (0.5 * Cw * rho * A * r*%2 * V % omega) / I

# 6. (LEABMLE

dx = vx
dy = vy
dz dt = vz

return [ax, ay, az, alpha omega, dx, dy, dz dt]

# BT 1SR PSR
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def simulate 3d(v0, theta):
R =21 57 S 4 [ET B 8 N It VA AN o il [F1 P 1 -2 v/ s -
# WIEERAS: [vx0, vy0, vz0, omegal, x0, y0, z0]
vx0 = v0 * np. cos (theta)

vy0 = v0 * np.sin(theta)
vz0 = 0.0 # HIERMFEEEE N 0
y0 = [vx0, vy0, vz0, omega0, 0.0, 1 sin theta, 0.0]

# Vg FEMF: y pos=0 &I H
def land event(t, y):
return y[5] # y[5]ZRENE v pos
land event. terminal = True # fibk S5 1k
land_event. direction = -1  # {24 y_pos MIEAFFE il (P& HR)

# ORI JTRE (RK45 320
sol = solve ivp(
fun=lambda t, y: ode 3d(t, y, v0, theta),
t_span=[0.0, 200.0], # HAMIIHME CEEs7EH)
y0=yO0,
events=land event
method=" RK45",
rtol=le-6,
atol=1le-9

#EORVEM CEFHlA) R EIERUE
if len(sol.t _events[0]) ==

return np.nan, np.nan, np.nan

# VK HLE BIRES
t land = sol.t events[0][0] # y&HuHT[A]

x land = sol.y[4, -1] # Y

vx_final = sol.y[0, -1] # R x IR
vy final = sol.y[1l, -1] # Ry Iy
vz final = sol.y[2, -1] # & oz J7 IR
omega final = sol.y[3, -1] # H&MAHEE
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# IHE AR CEENshREH BB RE

ke translation = 0.5 * m * (vx final#®¥2 + vy final**2 + vz final*%2)

ke rotation = 0.5 * I * omega final**2

ke total = ke translation + ke rotation

return x_land, t land, ke total

def find v0 3d(theta):

T RS A H AR R TR E vO, [ IR (Rl AT I (R AN B AE

v_low, v_high = v0_range

#OIERIER GRZEADT tol MHE1ED

for  in range(50): # HZ1EM 50 K, BH{RISEL
v mid = (v_low + v _high) / 2
x land, , = simulate 3d(v mid, theta)

if np. isnan(x land):
B ORVEH, TSR
v_low = v_mid

elif x land < target x:
#GTEAE, HIRWIHEE
v_low = v_mid

else:
B OGIREE T, SR
v_high = v_mid

if v_high - v low < tol:
break

# TR R A NS TR AR Bh RE
, t land, ke total = simulate 3d(v_high, theta)
return v_high, t land, ke total

# SLul/ip i PR ST 2

# RS AVEE: 0780 B (R oNIIED , B 30 /i

thetas deg = np. linspace (0.5, 80.0, 30) # &4 0/EF (CREHEE)
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thetas rad = np.radians(thetas deg)

# THEAREA A BER B AR L . B AT I (B 1B g

v0 list = []
time list = []
ke list = []

for theta rad, theta deg in zip(thetas rad, thetas deg):

v0, t land, ke = find v0 3d(theta rad)

v0 list.append (v0)

time list.append(t land)

ke list.append (ke)

print (f"theta: {theta deg:.1f}° — initial velocity: {vO0:.1f} m/s, runtime :
{t land:.1f} s, final kinetic energy: {ke:.1f} J”)

t# il 2 iR K G D
fig, axl = plt.subplots(figsize=(12, 6))

# Nl I

color =’ #2E86AB’

axl.set xlabel ( theta(® )’, fontsize=12)

axl. set ylabel ( initial velocity (m/s)’, color=color, fontsize=12)
axl.plot(thetas deg, vO list, ’'o—, color=color, linewidth=2, markersize=6,
label="1initial velocity’)

axl. tick params(axis="y’, labelcolor=color)

axl. grid(True, alpha=0.3, linestyle="——")

axl.set x1im(0, 85)

# BIEH A

ax2 = axl. twinx ()

color = "H#E74C3C

ax2. set _ylabel ( runtime (s)’, color=color, fontsize=12) # FE—"HMZE
ax2.plot (thetas deg, time list, ’s—’, color=color, linewidth=2, markersize=6,
label="runtime ’)

ax2. tick params(axis="y , labelcolor=color)
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# QRS AN I A

ax3 = axl. twinx ()

# AR AG A B, R ES

ax3. spines[ right’ ].set position(( outward , 60))

color = " #27AE60’

ax3. set_ylabel C final kinetic energy (J)’, color=color, fontsize=12) # % 4
£ 3

ax3.plot (thetas deg, ke list, =, color=color, linewidth=2, markersize=6,
label=" final kinetic energy’)

ax3. tick params(axis="y , labelcolor=color)

# BE Y

lines, labels = axl.get legend handles labels()
lines2, labels2
lines3, labels3 = ax3.get legend handles labels()

ax2. get legend handles labels()

axl. legend(lines + lines2 + lines3, labels + labels2 + labels3, loc=" upper left’)

# bR S B
plt. titleC Relationship Between Initial Velocity, Runtime, Final Kinetic Energy
and Launch Angle’, fontsize=14, pad=20)
param text = f Z-axis wind speed={uwz} m/s\n initial rotational angular
velocity={omega0} rad/s\n target range={target x} m
plt. text(0.45, 0.98, param text, transform=axl.transAxes,

verticalalignment=" top’, fontsize=10,

bbox=dict (boxstyle="round’, facecolor="white , alpha=0.8))

plt. tight layout ()
plt. show()

Appendices 9

Introductin: Relationship between Angle and Initial Velocity (Solution Combinations)

import numpy as np
from scipy. integrate import solve ivp

import matplotlib. pyplot as plt

# W SHRE (5EAERE 20
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rho = 1. 175 # THREE, kg/m 3
r = 0.055 # BRFEIE, m

m=5 # BRPTE, kg
g=09.8 # HEJMEE, n/s 2
Cd =0.4 # A REL

Cm = 0.2 # S R
Cw = 0.015 # HEABIEE R
uwz = 8.0 # 7z B XGE, m/s

1 sin theta = 2 # ¥ABRESE, n
target x = 1200 # HF/KFHRE, m
omega0 = 150 # WG E L AEEE, rad/s

# IRESH

A = np.pi * r¥k2 # WX, m 2

I = (2/5) % m % r*2 # AR, kgem 2

tol = 0.1 H MRS, E

# SR A Y TR (REFAAR)

def ode 3d(t, y, v0, theta):

VX, Vy, Vz, omega, X, Yy _pOS, Z =y

VDT BUYES
v rel x = vx
v rel y = vy
v.rel z = vz — uwz
V = np.sqrt (v._rel x#k2 + v rel y**2 + v rel z%2)
if V< le-6:
V = 1le6

# AT
Fdx = -0.5 * Cd * rho * A * V % v _rel x
Fdy = -0.5 % Cd * rho * A * V % v rel y
Fdz = =0.5 % Cd * rho * A % V % v _rel z

# RS
Fmx = 0.0
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Fmy = -0.5 * rho * A * Cm * omega * r * v rel z

Fmz = 0.5 * rho * A * Cm * omega * r * v rel y

# PR N

(Fdx + Fmx) / m

ay = (Fdy + Fmy — m * g) / m
(Fdz + Fmz) / m

ax

az

# EEAINEE

alpha omega = (0.5 * Cw * rho * A * r*%2 * V % omega) / I

# A B

dx = vx
dy = vy
dz dt = vz

return [ax, ay, az, alpha omega, dx, dy, dz dt]

BB AR (fREFAZD

def

simulate 3d(v0, theta):

vx0 = v0 * np. cos (theta)

vy0 = v0 * np. sin(theta)

vz0 = 0.0

y0 = [vx0, vy0, vz0, omega0, 0.0, 1 sin theta, 0.0]

def land event(t, y):
return y[5]
land event. terminal = True

land event. direction = -1

sol = solve ivp(
fun=lambda t, y: ode 3d(t, y, v0, theta),
t span=[0.0, 200.0]
y0=y0,
events=land event

method="RK45’,
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rtol=1le-6,
atol=1e-9

if len(sol.t events[0]) == 0:
return np. nan

return sol.y[4, -1]

# PR IGE VLN BRI A T GRS D e
def find theta for v0(v0 target, angle range deg):
T RERR T A RO B A AR N N H AR RS AR
theta low deg, theta high deg = angle range deg
theta low = np. radians (theta low deg)
theta high = np.radians(theta high deg)

# ENR

for _ in range(100): # MAINZARIE AR Bk E
theta mid = (theta low + theta high) / 2
x land = simulate 3d (vO target, theta mid)

if np. isnan(x land):
B ORVEHL, TN
theta low = theta mid
elif x land < target x:
#GEANE, KA
theta _low = theta mid
else:
#OGTREE T, R N R
theta_high = theta mid

# A N RE R WORS FE
if np. degrees(theta high — theta low) < tol:

break

return np. degrees ((theta low + theta high) / 2)
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# TR AT
if _name == "_main_ ”
# RN 0.5 EH 10 Z Gl2AENT 10 BRI
angle range = (0.5, 10.0)
target v0 = 450 # BHIHIEE, n/s

# VTS R A A

result theta = find theta for vO(target v0, angle range)

# BRI

verify x = simulate 3d(target v0, np.radians(result theta))

print (F"EMAE/NT 10 B, FIEEEE N 450m/s XN RS N: {result theta:.4f}
FE”)

print (f"I0HE: ZMAE THISEN: {verify x:. 2flm (HAzHHE: {target x}m) ”)

Appendices 10

Introductin: Relationship between Angle and Initial Velocity (at Different Air Densities)

import numpy as np
from scipy. integrate import solve ivp

import matplotlib. pyplot as plt

# MBEZHE CERCH A
# WS MARKNEUEEE (kg/m™3)
rho values = [0.880, 0.956, 1.046, 1.112, 1.175] # W&EHM 1. 175 EANS%

r = 0.055 # BREAE, m

m=5 # BRpiE, ke

g =938 # EINEE, w/s"2

Cd =0.4 LS EVAE Y i

Cm = 0.2 # O SH) RH

Cw = 0.015 # HEABIEE R

uwz = 8.0 # 2 Hi7 I XGE, m/s

1 sin theta = 2 # WIEREEE, m (1sinb)
target x = 1200 # HAeAKPFHHRE, m

omega0 = 150 # VB AEE G x D, rad/s

# IRESH
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A=
I

np. pi * k2 # MR, m 2
(2/5) * m * r¥k2 # BN E, kgemn 2

v0_range = (80, 1000) # VIR R, n/s

tol

=0.5 # WRERERZDE, n

#
def

SRS TR (BIESR ST
ode 3d(t, y, v0, theta, rho): # ¥ rho %
YT HEMEMA TR vy = [vx, vy, vz, omega, x, y, z]”7"”

VX, Vy, Vz, omega, X, Y _pOS, Z =y

# 1 HRREEE XA 2 B

v_rel x

VX

v rel y = vy

v.rel z = vz — uwz
V = np.sqrt(v_rel x*%2 + v rel y#k2 + v rel z¥*2)
if V < le-6:

V = le-6

# 2. FAMEN

Fdx = -0.5 * Cd * rho * A % V * v_rel x
Fdy = =0.5 % Cd * rho * A % V * v _rel y
Fdz = -0.5 % Cd * rho * A * V *x v rel z

# 3. OARSETL (BEEREE
Fmx = 0.0 # x i &% H

-0.5 * rho * A * Cm * omega * r * v_rel z

Fmy

Fmz = 0.5 * rho * A * Cm * omega * r * v rel y

# 4. PREINIESZ

ax = (Fdx + Fmx) / m

(Fdy + Fmy - m * g) / m
(Fdz + Fmz) / m

ay

az

# 5. H¥ELMAMERE

alpha omega = (0.5 * Cw * rho * A * r*%2 * V % omega) / I
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# 6. (LEABMLE

dx = vx
dy = vy
dz dt = vz

return [ax, ay, az, alpha omega, dx, dy, dz dt]

AT LS RIS SR R

def

simulate 3d(v0, theta, rho): # ¥4 rho %L

T E YR, IR BITE R I x RO RE (SFED) 77

# WIEEIRAS: [vx0, vy0, vz0, omegal, x0, y0, z0]

vx0 = v0 * np. cos (theta)

vy0 = vO * np. sin(theta)

0.0 # HIaMAEE N 0

y0 = [vx0, vy0, vz0, omegal, 0.0, 1 sin theta, 0.0]

vz0

# KAy _pos=0 If £ 107 H
def land event(t, y):
return y[5] # y[5]ZRENE v pos
land event. terminal = True # fiiRFEMH)G&IL

land_event. direction = -1  # {24 y_pos MIEAFFE il (P& HR)

# ORI JTRE (RK45 5L
sol = solve ivp(
fun=lambda t, y: ode 3d(t, y, v0, theta, rho),
t_span=[0.0, 200.0], # HAfFHEMIE] CEHETEH)
y0=y0,
events=land event
method=" RK45",
rtol=1le-6,
atol=1le-9

# HARIEH CEFEAFRR) , IRETEHIE
if len(sol.t events[0]) == 0:

return np. nan

# f£ A\ rho
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# IR EITEHET I x B2 RS CRFED
return sol.y[4, -1]

def find v0 3d(theta, rho): # ¥ rho %
T ZOESR A 2 B ARSI R BT FE v0”
v_low, v_high = v0_range
# IR R GRZENT tol BHFIED
for  in range(50): # HZ1EM 50 K, BH{RISL
v mid = (v_low + v high) / 2
x land = simulate 3d(v _mid, theta, rho) # &\ rho

if np. isnan(x land):
B ORVEH, TR R
v_low = v_mid

elif x land < target x:
#GTEAE, HERWIHE
v_low = v_mid

else:
B OGIREE T, SR
v_high = v_mid

if v_high — v low < tol:
break

return v_high

# R B M MR W orho fH . R B X N A E

# O ORSTMAIEE: 0780 FE CRE# NINEED , B 30 AN
thetas deg = np. linspace (0.5, 80.0, 30) # #H 0% (LREHEE)
thetas rad = np.radians(thetas deg)

# APAE AR rho B0 MW 41 3

all vO lists = []

for rho in rho_values:
print (" IEETHE TSR rho = {rho} kg/m 3 WHIHIERE...”)
v0 list = []
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for theta rad, theta deg in zip(thetas rad, thetas deg):

v0 = find v0 3d(theta rad, rho) # f£A rho

v0 list. append(v0)

print (f” theta: {theta deg:.1f}° — initial velocity: {vO:.1f} m/s”)
all vO lists.append(v0 list)

# 1] 22 SR AT E - R AR R Rt 2
plt. figure(figsize=(12, 6))

# 0 U E T ZRIRE R (B ATbRId)

colors = [ #2E86AB’, ’#E74C3C, ’#27AE60’, ’#F39C12’, ’#9B59B6’ ]

markers = ["o’, ’s’, 777, ’D’, 'p’]

for i, (rho, v0 list) in enumerate(zip(rho values, all vO lists)):
plt. plot(thetas deg, v0 list,
marker=markers[i],
color=colors[i]
linewidth=2,
markersize=6,

label=f’rho = {rho} kg/m*’)

plt.xlabel C theta (° )’, fontsize=12)

plt.ylabel C initial velocity (m/s)’, fontsize=12)

plt. titleC Relationship Between Initial Velocity and Launch Angle Under Different
Air Densities (Including Z-axis Wind + X-axis Rotation)’, fontsize=14, pad=20)
plt. grid(True, alpha=0.3, linestyle="—")

plt.x1im(0, 85)

# HBME y BVEE, B S%HRE

all vO = [v for sublist in all v0O lists for v in sublist]

plt.ylim(min(all v0)*0.95, max(all v0)*1.05)

# AR RS

param text = f Z-axis wind speed={uwz} m/s\n initial rotational angular

velocity={omega0} rad/s\n target range={target x} m’

plt. text(0.02, 0.98, param text, transform=plt.gca().transAxes,
verticalalignment=" top’, fontsize=10,

bbox=dict (boxstyle="round’, facecolor="white’, alpha=0.8))
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plt. legend (fontsize=10) # ¥inEf]
plt. tight layout ()
plt. show()

Appendices 11

Introductin: Relationship between Angle and Initial Velocity (Considering Wind Speeds in the x and z
Directions)

import numpy as np

import matplotlib. pyplot as plt

from scipy. integrate import solve ivp
import warnings

warnings. filterwarnings (C ignore’)

# 1. LSHGE X

1 =2 # VIR A CS L (m), ARAE PRI S %
g=09.8 # EIEE (/s*)

m=5 # WikiiE (kg), MAEILPRZFIHE

r = 0.055 # MR (), RIESEPRg SO
rho = 1.175 # REE (kg/m*)

Cd=0.5 # BHI R (BRIAERIA 0. 47)

ux=50 # x FIAERIE (m/s), A%

uz =20 # 7z FRRGE (n/s), A

k = 0.5 % Cd * rho * np.pi * r*x2 # PHJIRE

# 2. B IiRE

def motion(t, state):

X, Yy, Z, VX, Vy, vz = state
B AT KR

vrelx = vx — u_x

vrely = vy

vrelz = vz —u z

v rel = np.sqrt (vrelx**2 + vrely**2 + vrelz*x2)
# IE A
ax = - (k / m) * v rel * vrelx if v rel > le—6 else 0.0

ay = -g - (k / m) * v rel % vrely if v rel > le—6 else —g
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az =— (k / m) * v rel * vrelz if v rel > le—6 else 0.0

return [vx, vy, vz, ax, ay, az]

# 3. TEHHIE R 2L

def hit ground(t, state):
return statell]
hit ground. terminal = True

hit ground. direction = -1

# 4. Hire# s vo KA#

def objective (v0, theta):
x0 = 0.0
y0 = 1 * np. sin(theta)
z0 = 0.0
vOx = v0 * np. cos (theta)

v0y = v0 * np. sin(theta)
v0z = 0.0
initial state = [x0, y0, z0, v0x, vOy, v0z]
t span = [0, 10000]
sol = solve ivp(
fun=motion, t_span=t_span, y0=initial state
events=hit ground, method="RK45', rtol=le-6, atol=1le-9
)
if len(sol.t events[0]) == 0:
return lelO
x_landing = sol.y events[0][0, 0]
return x_landing — 1200

def find vO(theta, v0 min=1.0, v0 max=1000.0, tol=le-3, max iter=100):
f min = objective(v0 min, theta)
f max = objective(v0 max, theta)
# BRI
if £ min % f max > O:
while f min * f max > 0 and vO0_max < leb:
v0 max *= 2

f max = objective(v0 max, theta)
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if £ min % f max > O:
return None, None # [AF}iR[A] vO fl z landing (TEAERT 4 None)
# kA
for  in range(max iter):
v0 mid = (vO min + v0 max) / 2
f mid = objective(v0 mid, theta)
if abs(f mid) < tol:
# TFEX M 2 landing
initial state = [0.0, l#*np.sin(theta), 0.0, vO0 mid*np.cos(theta),
v0 mid¥np. sin(theta), 0.0]
sol = solve ivp(fun=motion, t span=[0, 100], yO=initial state,
events=hit ground, method="RK45 )
z landing = sol.y events[0][0, 2]
return v0 mid, z landing
if f min * £ mid < O:
v0 max = v0_mid
f max = f mid
else:
v0 min = v0_mid
f min = f mid
# IS HRAETTH 2_landing
initial state = [0.0, l*np.sin(theta), 0.0, ((vO min+v0 max)/2)*np. cos(theta),
((v0_min+v0 max)/2)*np. sin(theta), 0.0]
sol = solve ivp(fun=motion, t span=[0, 100], yO=initial state,
events=hit ground, method="RK45 )
z landing = sol.y events[0][0, 2]

return (vO min + v0 max) / 2, z landing

# 5. i JJj theta KAE+45 R AT AL

theta list = np.linspace(0, 80 * np.pi / 180, 30) # ¥k/b sl ftniEMB (30 4
B

theta deg = theta list * 180 / np.pi

v0 list = []

z landing list = []

69



Team 796 Problem B

November 9, 2025

# SRR vO FIXE Y z landing
for theta in theta list:
v0, z land = find vO0(theta)
if vO0 is not None and z land is not None:
v0 list. append(v0)
z landing list.append(z land)
else:
v0 list. append (np. nan)
z landing list.append (np. nan)

# 6. 2% vO—theta K (i z fHARE)

fig, ax = plt.subplots(l, 1, figsize=(12, 8))

# 2% vO—theta Hh4k

ax. plot (theta deg, vO list, ’'b—o’, linewidth=2, markersize=6, label="v0-theta

relationship’)

# N RSN 2 AEARTE
for i in range (len(theta deg)):
if not np.isnan(v0 list[i]) and not np. isnan(z landing list[i]):
# PR zexx xxom, 2B WAL G EH S
ax. annotate (
£’ z={z landing list[i]:.2f}m’,
xy=(theta degli], v0 list[i]),
xytext=(5, 5), # CFAMN T REMEE (x+5, y+5 B F)
textcoords="offset points’,
fontsize=8,
color="darkred’
bbox=dict (boxstyle="round, pad=0.2’, facecolor="white’,
SRENSS I dd
)

# EEREMN
ax. set _xlabel ( theta 6 (° )’, fontsize=14)

ax. set_ylabel ( initial velocity ve (m/s)’, fontsize=14)

alpha=0.7) #
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ax.set title( The relationship between initial velocity and launch angle (noting
the z—-direction distance at landing)’, fontsize=16)

ax. grid (True, alpha=0.3)

ax. legend (fontsize=12)

plt. tight layout ()
plt. show()

Appendices 12

Introductin: Relationship between Angle and Initial Velocity (Solution Combinations)

import numpy as np

import matplotlib. pyplot as plt

from scipy. integrate import solve ivp
import warnings

warnings. filterwarnings (C ignore’)

1 =2
=9.8

m=5

r = 0.055
rho = 1. 175
C_d = 0.47
ux =50
uz =20

k = 0.5 % C.d * rho % np.pi * r¥*2

def motion(t, state):
X, Y, Z, VX, Vy, vz = state
# R XU
vrelx = vx — u_x
vrely = vy
vrelz = vz —u z
v rel = np.sqrt (vrelx**2 + vrely**2 + vrelz*x2)
# I 5

ax = - (k / m) * v rel * vrelx if v rel > le=6 else 0.0

ay = —g — (k / m) * v_rel * vrely if v.rel > le—6 else —g
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az =— (k / m) * v rel * vrelz if v rel > le—6 else 0.0

return [vx, vy, vz, ax, ay, az]

def hit ground(t, state):
return statell]
hit ground. terminal = True

hit ground. direction = -1

def get x landing (v0O, theta):

x0 =0.0

yO = 1 * np. sin(theta)
z0 = 0.0

vOx = v0 * np. cos (theta)

v0y = v0 * np. sin(theta)
v0z = 0.0
initial state = [x0, y0, z0, vOx, vOy, v0z]
t span = [0, 10000]
sol = solve ivp(
fun=motion, t_span=t_span, y0=initial state
events=hit ground, method="RK45 , rtol=le-6, atol=1le-9
)
if len(sol.t events[0]) == 0:
return None # R
return sol.y events[0][0, 0]

def find theta for vO(v0, target x=1200, max deg=10, tol=le—4, max iter=100) :
# A IR
theta min = 0 # &H/NAE GLED
theta max = max deg * np.pi / 180 # W KME GGNE

# I SHE
x min = get x landing(v0, theta min)

x max = get x landing(v0, theta max)
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if x min is None or x max is None:
return None

if (x min - target x) * (x max — target x) > O:
# Pl REAE HARE R, o

return None

# orVEK AR
for  in range(max iter):
theta mid = (theta min + theta max) / 2

x mid = get x landing(v0, theta mid)

if abs(x mid - target x) < tol:
return theta mid * 180 / np.pi # ## N

if (x mid - target x) * (x min - target x) < O:
theta_max = theta mid
x_max = x_mid

else:
theta min = theta mid

x_min = x_mid

# [l e () R
return (theta min + theta max) / 2 * 180 / np.pi

v0_target = 450 # Hirwl#EE
theta result = find theta for v0(v0 target)

if theta result is not None and theta result <= 10:
print(f” %4 #] # & N {int(v0 target)}m/s W ,
{theta result:.4f}E")
# IUESE R

x verify = get x landing (vO target, theta result *

print (F7583F: ZMAE FREH x ABFrN: {x verify:.2ftm (H#Ar: 1200m) ”)

else:

print (F"fEHTE N {int (vO_target) }m/s I, RILEFP/NT 10 B HREMEVEHE x ARARET

1200m £ E”)

NFO10 EW A EON

np.pi / 180)
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theta list = np. linspace(0, 80 * np.pi / 180, 30) # /b & ¥ S bryE4MEs (30 A
I=9)

theta deg = theta list * 180 / np.pi
v0 list = []
z landing list = []

# SRR vO FIXT MY z landing
def objective(v0, theta):

x0 = 0.0
yO = 1 * np. sin(theta)
z0 = 0.0

vOx = v0 * np. cos (theta)

v0y = v0 * np. sin(theta)
v0z = 0.0
initial state = [x0, y0, z0, v0x, vOy, v0z]
t span = [0, 10000]
sol = solve ivp(
fun=motion, t_span=t_span, yO=initial state
events=hit ground, method="RK45 , rtol=1le-6, atol=1le-9
)
if len(sol.t events[0]) == 0:
return lel0
x_landing = sol.y events[0][0, 0]
return x_landing — 1200

def find vO(theta, v0 min=1.0, v0 max=1000.0, tol=le-3, max iter=100) :
f min = objective(v0 min, theta)
f max = objective(v0 max, theta)
# IR
if £ min * f max > 0:
while f min * f max > 0 and v0 max < leb:
v0 _max *= 2
f max = objective(v0 max, theta)
if f min * f max > O:

return None, None # [AF}iR[A] vO fl z landing (TEAERT 4 None)
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# s
for  in range (max iter):
v0 mid = (vO min + v0 max) / 2
f mid = objective (vO mid, theta)
if abs(f mid) < tol:
# FE A z landing
initial state = [0.0, l#*np.sin(theta), 0.0, vO0 mid*np.cos(theta),
v0 mid#np. sin(theta), 0.0]
sol = solve ivp(fun=motion, t span=[0, 100], yO=initial state,
events=hit ground, method="RK45 )
z landing = sol.y events[0][0, 2]
return v0 mid, z landing
if f min * f mid < 0:
v0 max = v0_mid
f max = f mid
else:
v0 min = v0_mid
f min = f mid
# LML NG5 2_landing
initial state = [0.0, l*np.sin(theta), 0.0, ((vO min+v0 max)/2)*np. cos (theta),
((vO min+v0 max)/2)*np. sin(theta), 0.0]
sol = solve ivp(fun=motion, t span=[0, 100], yO=initial state,
events=hit ground, method="RK45 )
z landing = sol.y events[0][0, 2]

return (vO min + v0 max) / 2, z landing

for theta in theta list:

v0, z land = find vO0(theta)

if vO0 is not None and z land is not None:
v0 list. append (v0)
z landing list.append(z land)

else:
v0 list. append (np. nan)
z landing list.append (np. nan)

fig, ax = plt.subplots(l, 1, figsize=(12, 8))
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# 2] vO-theta M2k
ax.plot (theta deg, vO0 list, ’'b—o’, linewidth=2, markersize=6, label= v0-theta

relationship’)

# bRl IRATH B R
if theta result is not None and theta result <= 10:

ax. plot (theta result, vO0 target, ’rs’, markersize=10, label=fv0=450m/s at
0 ={theta result:.2f}° )

# RNEAE RSB 2 EARE
for i in range (len(theta deg)):
if not np.isnan(v0 list[i]) and not np. isnan(z landing list[i]):
ax. annotate (

£’ z={z landing list[i]:.2f}m’,
xy=(theta deg[i], v0 list[i]),
xytext=(5, 5),
textcoords="offset points’,
fontsize=8,
color="darkred’

bbox=dict (boxstyle="round, pad=0.2 , facecolor="white , alpha=0.7)

# IR

ax. set xlabel C theta 6 (° )’, fontsize=14)

ax. set ylabel ( initial velocity vo (m/s)’, fontsize=14)

ax. set title( The relationship between initial velocity and launch angle (noting
the z—-direction distance at landing)’, fontsize=16)

ax. grid (True, alpha=0.3)

ax. legend (fontsize=12)

plt. tight layout ()
plt. show()

Appendices 13

Introductin: Relationship between Angle and Initial Velocity (Motion Time and Final Kinetic Energy)

import numpy as np

76



Team 796 Problem B

November 9, 2025

import matplotlib. pyplot as plt

from scipy. integrate import solve ivp

import warnings

warnings. filterwarnings (" ignore’)

# L. BOLBHEGE L
1=2 # VIt EAIRSE (), ARG SEBRY s
g=9.8 # ESIEE (n/s?)
m=5 # AR (kg), MRHESEPRI A%
r = 0.055 # R (m), ARIESEER S
rho = 1.175 #EREE (kg/m)
Cd=0.47 # B RHC BRIRERIN 0. 47)
ux =50 # x HFRRIE (n/s), A
7z =2.0 # oz TN (n/s), A%
k = 0.5 % Cd * rho * np.pi * r+x2 # FHJI R
# 2. B TR
def motion(t, state):
X, yV, Z, VX, Vy, vz = state
# X X
vrelx = vx — u_x
vrely = vy
vrelz = vz —u z
v _rel = np.sqrt (vrelxx*2 + vrely**2 + vrelz*x2)
# O
ax = - (k / m) * v rel * vrelx if v rel > le-6 else 0.0
ay =-g - (k / m) * v rel * vrely if v rel > le—6 else —g
az = - (k / m) * v._rel * vrelz if v rel > le—6 else 0.0
return [vx, vy, vz, ax, ay, az]
# 3. T HLHE R

def hit ground(t, state):

r

eturn state[1]

hit ground. terminal = True

hit ground. direction = -1
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# 4. HAsRES v SR
def objective (v0, theta):

x0 =0.0

y0 = 1 * np. sin(theta)

z0 = 0.0

vOx = v0 * np. cos (theta)

v0y = v0 * np. sin(theta)
v0z = 0.0
initial state = [x0, y0, z0, vOx, vOy, v0z]
t span = [0, 10000]
sol = solve ivp(
fun=motion, t_span=t_span, y0=initial state
events=hit ground, method="RK45 , rtol=le-6, atol=1le-9
)
if len(sol.t events[0]) == 0:
return lelO
x_landing = sol.y events[0][0, 0]
return x_landing — 1200

def find vO(theta, v0 min=1.0, v0 max=1000.0, tol=le-3, max iter=100):
f min = objective(v0 min, theta)
f max = objective(v0 max, theta)
# BRI
if £ min * f max > O:
while f min * f max > 0 and vO0 _max < leb:
v0 _max *= 2
f max = objective(v0 max, theta)
if f min * f max > O:
return None, None, None # &HHiRI[A]izZ)jH [A]
# s
for  in range (max iter):
v0 mid = (vO min + v0 max) / 2
f mid = objective(vO mid, theta)
if abs(f mid) < tol:
# HEN N 2 landing Fliz s [E]
initial state = [0.0, l#*np.sin(theta), 0.0, vO0 mid*np.cos(theta),
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v0 mid#np. sin(theta), 0.0]
sol = solve ivp(fun=motion, t span=[0, 100], yO=initial state,
events=hit ground, method="RK45 )
z landing = sol.y events[0][0, 2]
t landing = sol.t events[0][0] # iZzhFfIHE]
# VTSR U T
sol. y[3][-1]
vy final = sol.y[4][-1]
sol. y[5][-1]

v _final = np.sqrt(vx final**2 + vy final#¥2 + vz final**2)

vx_final

vz_final

kinetic energy = 0.5 % m * v final**2 # HZ&3hfE
return v0 mid, kinetic_energy, t landing
if f min * f mid < 0:
v0 max = v0_mid
f max = f mid
else:
v0 min = v0_mid
f min = f mid
B IAREE R G T EAH RS
v0 = (vO min + v0 max) / 2
initial state = [0. 0, I*np. sin(theta), 0.0, vO*np. cos (theta),
vO#*np. sin (theta), 0.0]
sol = solve ivp(fun=motion, t span=[0, 100], yO=initial state,
events=hit ground, method="RK45 )
t landing = sol.t events[0]J[0] if len(sol.t events[0]) > 0 else np.nan
# THEIEHL K Bh RE
if len(sol.y[3]) > 0 and len(sol.t events[0]) > 0:
vx _final = sol.y[3][-1]
sol.y[4][-1]
vz _final = sol.y[5][-1]

v _final = np.sqrt(vx final**2 + vy final®¥2 + vz final**2)

vy final

kinetic energy = 0.5 % m * v final**2

else:

kinetic_energy = np.nan

return v0, kinetic_energy, t landing
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# 5. W@JJj theta RfFE+45E R a4k

theta list = np. linspace (0, 80 * np.pi / 180, 30) # 30 i
theta deg = theta list * 180 / np.pi

v0 list = []

kinetic energy list = [] # m&ShHeH|FE

time list = [] # @shif[E]%)%R

# ORME VO, IRADNREAIZ B )
for theta in theta list:
v0, ke, t = find vO(theta)
if vO is not None and ke is not None and t is not None:
v0 list. append(v0)
kinetic energy list.append (ke)
time list. append(t)
else:
v0 list. append (np. nan)
kinetic energy list.append (np. nan)

time list. append (np. nan)

# 6. x| XA ARl 5
fig, axl = plt.subplots(l, 1, figsize=(12, 8))

# foALRRGh: YIE

color = " tab:blue

axl.set xlabel( theta 0 (°)’, fontsize=14)

axl. set ylabel ( initial velocity vo (m/s)’, color=color, fontsize=14)
axl.plot(theta deg, v0 list, ’b-o’, linewidth=2, markersize=6, label="Initial
velocity’)

axl. tick params(axis="y’, labelcolor=color)

axl. grid(True, alpha=0.3)

axl. legend (loc="upper left’, fontsize=12)

# AL AL bRl
ax2 = axl. twinx ()

color =’ tab:red
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ax2. set ylabel C Kinetic Energy (J)’, color=color, fontsize=14) # zhREHEAINEE
ax2. plot (theta deg, kinetic energy list, ‘-5, linewidth=2, markersize=6,
label="Final Kinetic Energy’)

ax2. tick params(axis="y’, labelcolor=color)

# PRI — AN AR AR T B oRIE B I ]

ax3 = axl. twinx ()

color =’ tab:green’

# ARCE AR R A B, B E S

ax3. spines[ right’]. set position(( outward , 60))

ax3. set _ylabel ( Motion Time (s)’, color=color, fontsize=14) # W [a]ELA7 NFD
ax3.plot (theta deg, time list, 'g- ', linewidth=2, markersize=6, label="Motion
Time)

ax3. tick params(axis="y , labelcolor=color)

# HIFEI

linesl, labelsl
lines2, labels2 = ax2.get legend handles labels()
lines3, labels3

axl. get legend handles labels()

ax3. get legend handles labels()

axl. legend(linesl + lines2 + lines3, labelsl + labels2 + labels3, loc= upper

center’ , fontsize=12)

axl.set title(’Relationship between launch angle and initial velocity, final
kinetic energy, motion time’, fontsize=16)

plt. tight layout()

plt. show()

Appendices 14

Introductin: Relationship between Angle and Initial Velocity (at Different Air Densities)

import numpy as np

import matplotlib. pyplot as plt

from scipy. integrate import solve ivp
import warnings

warnings. filterwarnings (C ignore’)

# 1. LS HUE X
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1 =2 # WIAREEAHXSE (m), R SLRR S
g=29.8 # HEJMEE (n/s*)

m=5 # WikiiE (kg), MAEILPRZFIHE

r = 0.055 # WiREAE (), HREESERRIg R B

#E S5 AR A A
rho values = [0.909, 1.023, 1.056, 1.124, 1.175] # ¥ii: 5 NS %HEE

Cd=0.47 # PHJRE BRIRBRIA 0. 47)
ux =50 # x G XGE (m/s), AJIHEE
uz =20 # 7z G XGE (m/s), AJIHEE
# 2. BB R

def motion(t, state, rho): # Hi¥.: #ZW rho %
X, y, Z, VX, Vy, vz = state
k = 0.5 % Cd * rho * np.pi * r*x2 # PHJIRE FZRA4L, B rho Z4k)
B X XU

vrelx = vx — u_x

vrely = vy
vrelz = vz —u z

v _rel = np.sqrt (vrelxx*2 + vrely**2 + vrelz*x2)
# T

ax = — (k / m) * v rel * vrelx if v rel > le—6 else 0.0

ay = —g — (k / m) * v_rel * vrely if v.rel > le—6 else —g
az = - (k / m) * v._rel * vrelz if v rel > le=6 else 0.0

return [vx, vy, vz, ax, ay, az]

# 3. VEHLAE PR
def hit ground(t, state):

return state[1]

hit ground. terminal = True

hit ground. direction = -1
# 4. Hire %5 vo Ki#
def objective(v0, theta, rho): # ¥ri¥. UL rho 2%k
x0 = 0.0
yO = 1 * np. sin(theta)
z0 = 0.0
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vOx = v0 * np. cos (theta)

vOy = v0 * np. sin(theta)
v0z = 0.0
initial state = [x0, y0, z0, vOx, vOy, v0z]
t span = [0, 10000]
# SRR N 41T rho fH
sol = solve ivp(
fun=lambda t, state: motion(t, state, rho)
t span=t_span,
y0=initial state
events=hit_ ground,
method=" RK45",
rtol=1le-6,
atol=1le-9
)
if len(sol.t events[0]) == 0:
return lelO
x_landing = sol.y events[0][0, 0]
return x_landing — 1200

def find v0(theta, rho, vO0 min=1.0, v0 max=1000.0, tol=le-3, max iter=100): # ¥
#: BN rho 8L
f min = objective(v0 min, theta, rho)
f max = objective(v0 max, theta, rho)
# R
if f min * f max > O:
while f min * f max > 0 and v0 max < leb:
v0 max *= 2
f max = objective(v0 max, theta, rho)
if £ min * f max > O:
return None, None # [AF}iR[A] vO fl z landing (TEAERT 34 None)
# ZoriER
for  in range(max iter):
v0 mid = (vO min + v0 max) / 2
f mid = objective(v0 mid, theta, rho)
if abs(f mid) < tol:
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# HHENM 2z landing

initial state

[0.0, 1l*np.sin(theta), 0.0, v0 mid#*np.cos(theta),
v0 mid¥np. sin(theta), 0.0]
sol = solve ivp(
fun=lambda t, state: motion(t, state, rho)
t span=[0, 100],
y0=initial state
events=hit_ ground,
method="RK45’
)
z landing = sol.y events[0][0, 2]
return v0 mid, z landing
if f min * f mid < 0:
v0 max = v0_mid
f max = f mid
else:
v0 min = v0_mid
f min = f mid
# LML NG5 2_landing
initial state = [0.0, l*np.sin(theta), 0.0, ((vO min+v0 max)/2)*np. cos (theta),
((vO min+v0 max)/2)*np. sin(theta), 0.0]
sol = solve ivp(
fun=lambda t, state: motion(t, state, rho)
t span=[0, 100],
yO=initial state,
events=hit_ ground,
method=" RK45’
)
z landing = sol.y events[0][0, 2]

return (vO min + v0 max) / 2, z landing

# 5. #Jf theta F1 rho K f#E
theta list = np. linspace(0, 80 * np.pi / 180, 30) # FEJEHE
theta deg = theta list * 180 / np.pi

# 1EAEAIE rho XNV I 45 5
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results = []
for rho in rho values:
v0 list = []
for theta in theta list:
v0, = find vO(theta, rho) # ANFEE z{H, H Bk
if v0 is not None:
v0 list.append (v0)
else:
v0 list.append (np. nan)
results. append (vO list)

# 6. L ZFRRE
fig, ax = plt.subplots(l, 1, figsize=(12, 8))
colors = ["blue’, ’green’, 'red’, ’purple’, ' orange ] # NELZLDHEHIH
markers = ["o’, ’s’, 77, D, 'v'] # AEFRC

# ol Bk 2
for i, rho in enumerate (rho values):
ax. plot (
theta_deg,
results[i],
color=colorslil,
marker=markers[i],
markersize=5,
linewidth=2,
label=f’rho = {rho} kg/m*’

# EIERENL

ax. set xlabel C theta 6 (° )’, fontsize=14)

ax. set ylabel (" initial velocity ve (m/s)’, fontsize=14)

ax. set title( Relationship between initial velocity and launch angle for different
air densities’, fontsize=16)

ax. grid (True, alpha=0.3)

ax. legend (fontsize=12) # ExEHIIX 7 AFE rho
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plt. tight layout()
plt. show()

Appendices 15

Introductin: Relationship between Angle and Initial Velocity (Showing Maximum Height)

import numpy as np

import matplotlib. pyplot as plt

from scipy. integrate import solve ivp
import warnings

warnings. filterwarnings ( ignore’)

# 1. BLSHGE X

1=2 # VIR RS (n), RAELPR S
g =938 # HIJNEE (n/s?)

m=5 # AR (kg), MRHESEPRI A%

r = 0.055 # Wk (), RIESEPR SO
rho = 1.175 # TREE (kg/m?)

Cd=0.47 # M &RE BRIEBRIN 0. 47)

ux =50 # x HFRRIE (n/s), nJiFEE

uz =20 # 7z FRRGE (n/s), A

k = 0.5 % Cd * rho * np.pi * r+x2 # PHJIRZ

# 2. B TR
def motion(t, state):

X, yV, Z, VX, Vy, vz = state

B R XU

vrelx = vx — u_x

vrely = vy

vrelz = vz —u z

v _rel = np.sqrt (vrelxx*2 + vrely**2 + vrelzkx2)

# O A

ax = — (k / m) * v rel * vrelx if v rel > le—6 else 0.0
ay = -g - (k / m * v rel * vrely if v rel > le—6 else —g
az = - (k / m) * v rel ®* vrelz if v rel > le=6 else 0.0

return [vx, vy, vz, ax, ay, az]
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# 3. TEHHIE R 2L

def hit ground(t, state):
return statel[l]
hit ground. terminal = True

hit ground. direction = -1

# ORI oK EHE KA (y 7 N 0 1)
def max height(t, state):
return state[4] # vy=0 I REH K EE
max_height. terminal = False # A& L4
max_height. direction = -1 # R vy MOIEAR R 2

# 4. HAsRES v SRfE
def objective (v0, theta):

x0 = 0.0

y0 = 1 * np. sin(theta)

z0 = 0.0

vOx = v0 * np. cos(theta)
v0 * np. sin(theta)

vOy
v0z = 0.0
initial state = [x0, y0, z0, vOx, vOy, v0z]
t span = [0, 10000]
sol = solve ivp(
fun=motion, t_span=t_span, yO=initial state
events=hit ground, method="RK45 , rtol=le-6, atol=1le-9
)
if len(sol.t events[0]) == 0:
return lel0
x_landing = sol.y events[0][0, 0]
return x_landing — 1200

def find vO(theta, v0 min=1.0, v0 max=1000.0, tol=le-3, max iter=100):
f min = objective(v0 min, theta)
f max = objective(v0 max, theta)
# BRI

if £ min * f max > O:
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while f min * f max > 0 and vO0_max < leb:
v0 max *= 2
f max = objective(v0 max, theta)
if £ min % f max > O:
return None, None # [EIiR[A] vO Al K= E h CICfEERT ¥4 None)
# ZoriEAR
for  in range (max iter):
v0 mid = (vO min + v0 max) / 2
f mid = objective (vO mid, theta)
if abs(f mid) < tol:
# THEDN N AR h
initial state = [0.0, l#*np.sin(theta), 0.0, vO0 mid*np.cos(theta),
v0 mid#np. sin(theta), 0.0]
# [ ARG I ¥ b R i K i B R A A
sol = solve ivp(fun=motion, t span=[0, 100], yO=initial state
events=[hit ground, max height], method="RK45)
B RCOKE R y 7 [ RO E
max_h = max(sol.y[1]) # BEHMRMLE R v I7 18 5 KIE
return v0 mid, max_h
if £ min * f mid < O:
v0 max = v0_mid
f max = f mid
else:
v0 min = v0_mid
f min = f mid
# EARE G TR K h
initial state = [0.0, l*np.sin(theta), 0.0, ((vO mint+v0 max)/2)*np. cos(theta),
((v0_min+v0 max)/2)*np. sin(theta), 0.0]
sol = solve ivp(fun=motion, t span=[0, 100], yO=initial state
events=[hit ground, max height], method="RK45)
max_h = max(sol.y[1]) # BE#EMRMLERFIE v 7 mHEKE

return (vO min + v0 max) / 2, max h

# 5. i JJj theta KAE+45 R ATk

theta list = np. linspace(0, 80 * np.pi / 180, 30) # /b i ¥ S bryEdMEs (30 A
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O

theta deg = theta list * 180 / np.pi
v0 list = []

max h list = [] # A KEE

# SR vO NS AR B K b
for theta in theta list:
v0, max h = find vO(theta)
if vO0 is not None and max_h is not None:
v0 list. append(v0)
max_h list.append(max h)
else:
v0 list. append (np. nan)

max_h list. append (np. nan)

# 6. 2l vO-theta B (K& h Fr7E)

fig, ax = plt.subplots(l, 1, figsize=(12, 8))

# 224 vO-theta HhZk
ax.plot (theta deg, vO list, ’'b—o’, linewidth=2, markersize=6,

relationship’)

# R RSB I IR R h ARiE
for i in range (len(theta deg)):
if not np.isnan(v0 list[i]) and not np.isnan(max h list[i]):
# ApvERE A hexx. xx m, 7B RFEEGES
ax. annotate (
f h={max h list[i]:.2f}m",
xy=(theta degli], vO0 list[i]),
xytext=(5, 5), # XFHXTREmEE (x+5, y+515F)
textcoords="offset points’,
fontsize=8,
color="darkred’

bbox=dict (boxstyle="round, pad=0.2’, facecolor= white’,
A SeiE s T

label=" vO-theta

alpha=0.7) #
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# IR

ax. set xlabel C theta 6 (° )’, fontsize=14)

ax. set ylabel ( initial velocity vo (m/s)’, fontsize=14)

ax. set title( The relationship between initial velocity and launch angle (noting
the maximum height h)’, fontsize=16)

ax. grid (True, alpha=0.3)

ax. legend (fontsize=12)

plt. tight layout ()
plt. show()

Appendices 16

Introductin: Images and Data of Initial Velocity vs. Angle at Different Heights

import numpy as np
from scipy. integrate import solve ivp
import matplotlib. pyplot as plt

from scipy. optimize import fsolve

# L gi—EXCHBH
1 =2

g =9.8
m=250

r = 0.055
p =1.175
Cd=0.5
CM=0.2
ux=20
uz =10
®w0 = 50.0

A = np.pi * rkk2
k=0.5%xCd=* p *xA

# BT NHEHAEEE (BEFIEREE
h values = [0, 50, -50, 100, —-100, —200, 200] # ¥4 mEE: -50. —100. —200
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# 75 ANIEREESE (T Rz T & £ h values) : [0, 50, 100, 150, 200]

#

2. B IiRE

def motion ode(t, state, v0, theta):

X, y, Z, VX, Vy, vz = state
omega x = w0 * np. cos(theta)

omega y = w0 * np. sin(theta)

vrelx = vx — u_x

vrely = vy

vrelz = vz —u z

v rel = np.sqrt (vrelx**2 + vrely**2 + vrelz*x2)

v rel = max(v rel, le-6) # BjlEERDAZE

F Mx
F My
F Mz

ax

ay =

az

return [vx, vy, vz, ax, ay, az]

0.5* CM* p * A% r * (omega y * vrelz)
-0.5 % CM* p * A *r * (omega x * vrelz)

0.5 % CM* p * A% r * (omega x * vrely — omega y * vrelx)

(k/m) * v rel * vrelx + F Mx / m
g — (k/m) * v rel * vrely + FMy / m

(k/m) * v rel * vrelz + F Mz / m

def

target condition. terminal = True # filtk FH1:/5%& 1L
target condition.direction = 1 # 102 x M/NT 1200 25T 1200 B fid A

#

target condition(t, state, *args):
x = state[0]
return x - 1200.0 # H#bs x A5 E AN 1200

3. EIE HbrALEHE R

def target function(v0, theta, target y):
float (v0) # HifR vO AbrE

v0 =
y0

1

4. HIrRE

* np. sin(theta)
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vOx = v0 * np. cos (theta)

vOy = v0 * np. sin(theta)

initial state = [0.0, y0, 0.0, vOx, vOy, 0.0]

t_span = [0.0, 200.0] # RO AI}E]ES AR EIE B AR x

try:
sol = solve ivp(
fun=motion_ode
t span=t span,
y0=initial state,
args=(v0, theta),
events=target condition,
method=" RK45’
rtol=le—6,
atol=le—6
)
except Exception as e:
print ("R AR EE M4 - vO={v0:.2f}, theta={np. degrees(theta):.2f}° , £%i%:
{e}”)

return lel0

# ORI S Al A AT HRECA Ry A bR
if sol.status == 1 and len(sol.y events[0]) > O:

y final = sol.y events[0][0][1]

return (y final - target y)**2 # R[]y HFlnizZEFT
else:

return lel0 # RFEHR x, RFEKIRE

# 5. KRB IESE
def solve v0O for theta h(theta, h):

def error func (v0):

return np. sqrt (target function(v0, theta, h)) # EZEITF, T RME

# G IR AR AT AT I (7 i B T 5 S P SN
if h < 0:
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initial guess = 150.0 + h * 0.3 # 7%= FBFARHILESE M
else:

initial guess = 200.0 + h * 0.5 # IF /& 5% 518 4855 )

# ORMEIFR N E
v0 solution, = fsolve(error func, initial guess)

v0 solution = float(v0 solution)

# G B CGREETE 10-1000 w/s, RZE/NT 1)
if 10.0 < v0 solution < 1000.0:

final error = error func(v0 solution)

if final error < 1.0:

return v0 solution

return None

# 6. TR (ZE+HmL 4R
if _name == "_ main_”

theta list _rad = np.linspace(0.1, 1.369, 25) # KRHTAEE: 20-70 & (&HEFHEY
D

target_x = 1200

# 2R E
plt. rcParams[’ font. sans—serif ] = [’ SimHei’ ]

plt. rcParams[’ axes.unicode minus’ ] = False
fig, ax = plt.subplots(figsize=(14, 8)) # ¥ KIEHFEKLIEGN 7 5 2k & H

# i A = R RS
for h in h values:
v0 results = []

valid thetas rad = []

print (F"\n IEEHHE h = (h} m BEH... ")
for theta in theta list rad:
v0 = solve v0O for theta h(theta, h)

if v0 is not None:
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valid thetas rad. append(theta)

v0 results. append (v0)

theta deg = float (np. degrees (theta))

print(f”  angle: {theta deg:.2f}° , initial velocity: ({v0:.2f}
m/s”)

# 2 s R i

if valid thetas rad:
valid thetas deg = np. degrees(valid thetas rad)
ax.plot(valid thetas deg, v0 results, ’o—, label=fh = +{h} n’,

markersize=4, linewidth=2)

# EIFRENL

ax. set title( The relationship between initial velocity and launch angle for
different target heights (at x = 1200m)’, fontsize=16)

ax. set xlabel (’ launch angle (° )’, fontsize=14)

ax. set ylabel ( initial velocity (m/s)’, fontsize=14)

ax. grid(True, linestyle="——', alpha=0.6)

ax. legend (fontsize=11, loc="upper center’ ) # PEFIBAEA b £ G iE sy

ax. set_ylim(bottom=0) # y ZiM 0 FF4h, FFr&HEEYRE =R X

plt. tight layout ()
plt. show()

Appendices 17

Introductin: Relationship between Angle and Initial Velocity (Including Maximum Height)

import numpy as np
from scipy. integrate import solve ivp

import matplotlib. pyplot as plt

# L gL CHSH
1 =2

g = 9.8

m=5.0

r = 0.055

p = 1.175
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Cd=0.5
CM=0.2
ux=20
uz=10
0 =50.0
= np. pi % r¥x2
S0.5%Cd* p %A
# 2. AN TR
def motion ode(t, state, v0, theta):
X, yV, Z, VX, Vy, vz = state
omega x = w0 * np. cos(theta)
omega y = w0 * np.sin(theta)
vrelx = vx — u_x
vrely = vy
vrelz = vz —u z
v _rel = np.sqrt (vrelxx*2 + vrely**2 + vrelz*x2)
v rel = max(v _rel, le—6)
FMx=05%CM* p *xA*r * (omega y * vrelz)
FMy=-0.5%CM=* p %A *r * (omega x * vrelz)
FMz=05%CM* p *A* 1 * (omega x * vrely — omega y * vrelx)
ax = — (k/m) * v rel * vrelx + F Mx / m
ay = —g - (k/m) * v rel * vrely + F My / m
az = — (k/m) * v rel * vrelz + F Mz / m
return [vx, vy, vz, ax, ay, az]
# 3. VA E R AL

def landing condition(t, state, v0, theta):

return

state[1]

landing condition. terminal = True

landing condition. direction = —1
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#ORTHG . BORE A E B (y DT IRE BN 0 )
def max height condition(t, state, v0, theta):
return state[4] # vy=0 Ffilik
max_height condition. terminal = False # ANZ L%
max_height condition. direction = 0 # R T o R I

# 4. HFreR¥ (BX: FERHRE x R ZENRKEE ) ——

def target function(v0, theta):
yO = 1 * np. sin(theta)
vOx = v0 * np. cos(theta)

vOy = v0 * np. sin(theta)

initial state = [0.0, y0, 0.0, vOx, vOy, 0.0]

t_span = [0.0, 100.0]
sol = solve ivp(
fun=motion_ode,
t span=t span,
y0=initial state
args=(v0, theta),
events=[landing condition, max height condition],
method="RK45’,
rtol=le-6,
atol=le—6

x_landing = sol.y[0, -1]

# THE RO EE h
if len(sol.t events[1]) > 0: # HISEAIME] T 5K E &
max_height time = sol.t events[1][0] # HUEE— i At (a]
# HEE AR ZI0) y AhbR GlROKE D
max_height = np. interp (max_height time, sol.t, sol.y[1])
else:
max_height = max(sol.y[1]) # fallback: BT HIHEK v &
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return x landing — 1200.0, max height # iR[A] x IRZEME KEE

# 5. TAMESRIE (1BE: IR IE] vO FIXT R RO h)

def solve v0 for theta(theta, vO min=10.0, vO max=1000.0, tol=le-3):

f min, = target function(v0 min, theta)
f max, = target function(v0 max, theta)
if np.sign(f min) == np.sign(f max):

return None, None # JTCFERTIR[AIPHAS None

iter num = 0

best_h = None

while (vO max — vO min) > tol and iter num < 100:
v0 mid = (vO min + v0 max) / 2

f mid, h mid = target function(v0 mid, theta)

if np.abs(f mid) < tol:
best h = h_mid
break
if np.sign(f mid) == np.sign(f min):
v0 min = v0_mid
f min = f mid
else:
v0 max = v0_mid
f max = f mid

iter num += 1
# WP IEH AR, B — IR vO XL IR R K FE
if best h is None:

, best h = target function(v0 mid, theta)

return v0 mid, best h

# 6. FREF (B fAEIFLHlR KR h)
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if  name ==" main ”:
theta list rad = np. linspace (0, 1.396, 30)
v0 results = []
h results = [] # fFfEHAEE h
valid thetas rad = []

print ("IEFETFE. .. 7)
for theta in theta list rad:
v0, max h = solve v0 for theta(theta)
if v0 is not None:
valid thetas rad. append(theta)
v0 results. append (v0)
h results. append(max h) # fFEfiEmKEE

#t — Z2BEERy —
if valid thetas rad:
plt. rcParams[’ font. sans—serif’ ] = [’ SimHei’ ]

plt. rcParams[’ axes.unicode minus’ ] = False

fig, ax = plt. subplots(figsize=(12, 7))

valid thetas deg = np. degrees(valid thetas rad)

# 2] vO—theta HHZR FIECYE &5
ax. plot (valid thetas deg, v0 results, "b-0’, label="$§v 0 -

\\theta$ relationship curve’, markersize=6, linewidth=2)

# R R SN K R h ARE
for i, txt in enumerate(h results):
ax. annotate (f’ h={txt:. 2f}m’,

xy=(valid thetas degli], vO resultsl[i]),
xytext=(5, 5), # MFHXT SR E
textcoords= offset points’
fontsize=9,
color="darkred’,

arrowprops=dict (arrowstyle= ->", color="gray , 1lw=0.5))

98



Team 796

Problem B November 9, 2025

(no

ax. set_title( The relationship between initial velocity and launch angle
ting the maximum height h)’, fontsize=16)

ax. set _xlabel  launch angle $\\theta$ (° )’, fontsize=14)

ax. set ylabel C initial velocity $v 0§ (m/s)’, fontsize=14)

ax. grid(True, linestyle= ——", alpha=0.6)
ax. legend (fontsize=12)

# By WG, 25 TR AR B A 1]
y margin = (max(vO0 results) — min(vO results)) * 0.1

ax. set ylim(min (V0 results) - y margin, max (vO results) + y margin * 2)

plt. tight layout ()
plt. show()

else:

print ("FEZE 72 I A RETE Bl N BCA $R2A R g . )

Ap

pendices 18

Introductin: Relationship between Angle and Initial Velocity (Including Final Kinetic Energy and

Motion Time)

import numpy as np
from scipy. integrate import solve ivp

import matplotlib. pyplot as plt

o}
Il

m
r =
o

Cd
CM
u X
u z
w0
A =

2

9.8

5.0

0. 055
= 1.175

= 0.5

= 0.2

= 2.0

= 1.0

= 50.0

np. pi * rixx2

1. XM
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k=05%Cdx*x p *xA

# 2. 18BN TR
def motion ode(t, state, v0, theta):

X, y, Z, VX, Vy, vz = state

omega x = w0 * np. cos(theta)

omega y = w0 * np. sin(theta)

vrelx = vx — u_x
vrely = vy

vrelz = vz —u z

v rel = np.sqrt (vrelx**2 + vrely**2 + vrelz*x2)

v rel = max(v rel, le—6)

FMx=05%CM* p *A %1 * (omega y * vrelz)
FMy=-0.5%CM* p *A*r * (omega x * vrelz)
FMz=05%CM* p *A*r * (omega x * vrely — omega y * vrelx)
ax = — (k/m) * v rel * vrelx + F Mx / m

ay = —g — (k/m) * v rel * vrely + F My / m

az = — (k/m) * v rel * vrelz + F Mz / m

return [vx, vy, vz, ax, ay, az]

# 3. TR HbFE PR
def landing condition(t, state, v0, theta):
return state[1]

landing condition. terminal = True

landing condition. direction = -1
# 4. HisEE Bk FRHRE x #2 . 7 AR, T HuA ) A
RIKFE)

def target function(v0, theta):
y0 = 1 * np. sin(theta)
vOx = v0 * np. cos (theta)

v0y = v0 * np. sin(theta)
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initial state = [0.0, y0, 0.0, vOx, vOy, 0.0]

t_span = [0.0, 100.0]

sol = solve ivp(
fun=motion_ode,
t span=t span,
y0=initial state
args=(v0, theta),
events=landing condition,
method="RK45’,
rtol=le-6,
atol=le—6

x_landing = sol.y[0, -1]

sol.y[2, -1]

t landing = sol.t[-1] # ¥&HLE[A]

vx_final = sol.y[3, -1] # J&HbI x Jy|n) &

vy final = sol.y[4, -1] # YISy Jyin) &

vz _final = sol.y[5, -1] # YKl z Fin) il EE

v final = np.sqrt(vx final#x2 + vy final#k2 + vz final#x2) # SHE
ke final = 0.5 * m * v final#k2 # FZ&ENAE

z_landing

return x landing - 1200.0, z landing, t landing, ke final

5. TR (B IR VO, z fH. B BN E AR 24 5]

def solve v0O for theta(theta, v0 min=10.0, v0 max=1000.0, tol=le-3):

f min, , , = target function(vO0 min, theta)
f max, , , = target function(v0 max, theta)
if np.sign(f min) == np.sign(f max):

return None, None, None, None # JGf@mti&[a]PU™ None

iter num = 0

best_z = None
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best t = None

best ke = None

while (vO max — vO min) > tol and iter num < 100:
v0 mid = (vO min + v0 max) / 2

f mid, z mid, t mid, ke mid = target function(vO mid, theta)

if np.abs(f mid) < tol:
best z = z_mid
best t = t_mid
best ke = ke mid
break

if np.sign(f mid) == np.sign(f min):
v0 min = v0_mid
f min = f mid

else:
v0 max = v0_mid
f max = f mid

iter num += 1
# WMRER RS W, FIE—IR&A v0 MRS 4L
if best z is None:

, best z, best t, best ke = target function(v0 mid, theta)

return v0 mid, best z, best_t, best ke

#
[f])
if

” . ”
__name == " main

6. ERF (BE: XARPRENE R YIRE . AT REFIIZ Bl

theta list rad = np. linspace (0, 1.396, 30)
v0 results = []

t results = [] # i@z

ke results = [] # EZ&BNEE

valid thetas rad = []

print ("IEFETHEL. .. 7)
for theta in theta list rad:
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v0, , t landing, ke landing = solve v0 for theta(theta)
if v0 is not None:

valid thetas rad. append(theta)

v0 results. append (v0)

t results. append(t landing)

ke results. append(ke landing)

. —
if valid thetas rad:
plt. rcParams[’ font. sans—serif’ ] = [’ SimHei’ ]

plt. rcParams[’ axes.unicode minus’ ] = False

fig, axl = plt.subplots(figsize=(12, 7))

valid thetas deg = np.degrees(valid thetas rad)

# My e )EE

color = " tab:blue’

axl. set xlabel ( launch angle $\\theta$ (° )’, fontsize=14)

axl.set ylabel ( initial velocity $v 0$ (m/s)’, color=color, fontsize=14)

axl.plot(valid thetas deg, v0 results, ’b-o’, label="initial velocity’
markersize=6, linewidth=2)

axl. tick params(axis="y , labelcolor=color)

axl. grid(True, linestyle="—, alpha=0.6)

axl. legend (loc="upper left’, fontsize=12)

# BIEAM y
ax2 = axl. twinx ()
colorl = " tab:red

color2 =’ tab:green’

# Ay HhEE— s RAShRE

ax2.plot(valid thetas deg, ke results, ’'r-s’, label="final kinetic
energy , markersize=6, linewidth=2)

ax2.set_ylabel ( final kinetic energy (J)', color=colorl, fontsize=14)

ax2. tick params(axis="y , labelcolor=colorl)
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# QUEEE = AR T RoRis Bl (A

ax3 = axl. twinx ()

# ORI A B A RS, A A AR S

ax3. spines[ right’ ].set position(( outward , 60))

ax3.plot(valid thetas deg, t results, Tg-", label="motion  time’
markersize=6, linewidth=2)

ax3. set ylabel Cmotion time (s)’, color=color2, fontsize=14)

ax3. tick params(axis="y’ , labelcolor=color2)

# IR

linesl, labelsl
lines2, labels2 = ax2.get legend handles labels()
lines3, labels3

axl. get legend handles labels()

ax3. get legend handles labels()
axl. legend(linesl + lines2 + lines3, labelsl + labels2 + labels3,

loc="upper center’, fontsize=12)

axl.set title(’ The relationship between initial velocity, final kinetic

energy, time of motion and launch angle’, fontsize=16)

plt. tight layout()
plt. show()

else:

print ("FELE 72 IR L0 N B0 $RBA R fg . )

Appendices 19

Introductin: Relationship between Angle and Initial Velocity (Considering Wind Speed and Rotation)
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import numpy as np

from scipy. integrate import solve ivp

import matplotlib. pyplot as plt

1 =
g =
m=
r =
P

Ccd
CM
u_x
u z
w0
A =
Kk =

L. gi—E X ERMSH
2
9.8
5.0
0. 055
1. 175
=0.5
=0.2
=2.0
= 1.0
= 50.0
np. pi * rikk2
0.5*% Cdx*x p *A

#
def

2. BT TTIE
motion ode(t, state, v0, theta):

X, V, Z, VX, Vy, VZ = State

omega x = w0 * np. cos (theta)

omega vy = w0 * np.sin(theta)

vrelx = vx — u_x

vrely = vy

vrelz = vz — u z

v_rel = np.sqrt(vrelx®*2 + vrely®2 + vrelz*2)

v rel = max(v_rel, le—6)

FMx=05%*CM* p % A*r % (omega y * vrelz)
FMy=-0.5*%CMx* p %A *r * (omega x * vrelz)
FMz=05%CM* p % A*xr % (omega x * vrely — omega y * vrelx)
ax = — (k/m) * v rel * vrelx + F Mx / m

ay = —g — (k/m) * v rel * vrely + F My / m
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az = — (k/m) * v rel * vrelz + F Mz / m

return [vx, vy, vz, ax, ay, az]

# 3. TRHHAE AL

def landing condition(t, state, v0, theta):
return statel[l]
landing condition. terminal = True

landing condition. direction = -1

# 4. H¥rRE (Bog: FEEHR[E x iR ZR 2 ALFR)

def target function(v0, theta):
yO = 1 * np. sin(theta)
v0x = v0 * np. cos (theta)
v0y = v0 * np. sin(theta)
initial state = [0.0, y0, 0.0, vOx, vOy, 0.0]

t span = [0.0, 100.0]

sol = solve ivp(
fun=motion_ode
t span=t span,
y0=initial state,
args=(v0, theta),
events=landing condition,

method=" RK45’

rtol=le—6,
atol=1le-6
)
x_landing = sol.y[0, -1]

z_landing = sol.y[2, —1] # ZREUFEHLES [ z A4%R
return x landing — 1200.0, z landing # iR[A] x iRZEF z ARFR

# 5. ZAMEKRME (B R IE] vO AR z H)
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def solve v0 for theta(theta, vO min=10.0, v0 max=1000.0, tol=le-3):

f min, = target function(v0 min, theta)
f max, = target function(v0 max, theta)
if np.sign(f min) == np. sign(f max):

return None, None # JCAAERFIR AP None

iter num = 0

best_z = None

while (vO max — vO min) > tol and iter num < 100:
v0 mid = (vO min + v0 max) / 2

f mid, z mid = target function(v0O mid, theta)

if np.abs(f mid) < tol:
best z = z _mid
break
if np.sign(f mid) == np.sign(f min):
v0 min = v0_mid
f min = f mid
else:
v0 max = v0_mid
f max = f mid

iter num += 1
# MRPER SR, FHIE—IR&A& v0 MR 2 A
if best z is None:

, best z = target function(vO mid, theta)

return vO0 mid, best z

# 6. EFERF (B fFiEH2H 2 1H)
if name ==" main ”:

theta list rad = np. linspace (0, 1.396, 30)

v0 results = []

z_results = [] # Fitlh: (AAEVEHLES H) 2 ALbR
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valid thetas rad = []

print ("IEFETFE. .. 7)
for theta in theta list rad:
v0, z landing = solve v0 for theta(theta)
if v0 is not None:
valid thetas rad. append(theta)
v0 results. append (v0)
7 results. append(z landing) # & z {&

# — ZzEEs —
if valid thetas rad:
plt. rcParams[’ font. sans—serif’ ] = [  SimHei’ ]

plt. rcParams[’ axes.unicode minus’] = False

fig, ax = plt.subplots(figsize=(12, 7)) # FHHCAKEFR LY SCF

valid thetas deg = np. degrees(valid thetas rad)

# 224 vO-theta B AIEEE &
ax. plot (valid thetas deg, v0 results, "b-0’, label="$v 0 -

\\theta$ relationship curve’, markersize=6, linewidth=2)

# OB HUE SN 2 (B AR
for i, txt in enumerate(z results):
# ax. text(x, y, XA, ...)
# xytext Ml arrowprops HIT-#IN—MH&IAAMIE L, B %7 R
ax. annotate (f’ z={txt:. 2f}m’,
xy=(valid thetas deg[i], vO resultsl[il),
xytext=(5, 5), # CFAHMNT HAWFEE
textcoords="offset points’,
fontsize=9,
color="darkred’

arrowprops=dict (arrowstyle="->", color="gray , lw=0.5))

ax. set title( The relationship between initial velocity and launch angle

108



Team 796 Problem B November 9, 2025

(noting the Z-value at landing)’, fontsize=16)
ax. set _xlabel ( launch angle $\\theta$ (° )’, fontsize=14)
ax. set_ylabel ( initial velocity $v 0§ (m/s)’, fontsize=14)

ax. grid(True, linestyle="—--", alpha=0.6)
ax. legend (fontsize=12)

# Ry VS, ATV AR B ]
y margin = (max(v0 results) — min(v0 results)) * 0.1

ax. set_ylim(min(v0 results) — y margin, max(v0 results) + y margin * 2)

plt. tight layout()
plt. show()

else:

print ("FEZ 7€ IR A LV N B0A B U fg. )
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